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UNIT 1 & 2 MATHEMATICAL METHODS
EXTENDED RESPONSE QUESTION
POLYNOMIAL FUNCTIONS QUESTION 1: CUBIC FUNCTION

QUESTION 1 (16 Marks)
A cubic function has the rule f(x) = ax3 + bx? + d. The graph of the function cuts the y-
axis at y = —3 and passes through the points (1,3) and (7,-3)..

a. Showthata=-1 b=7, d=-3.

3 marks
b. Hence find:
i f(0)
1 mark
(i) {x:f(x)=3}
1 mark
@iy f'@.5)
1 mark
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Sketch the graph of f(x) = ax3 + bx? + d for your values of a, b and d .
y
50

40+

304

20+

T

101

-10+

4 marks
Find {x: f(x)<3}.
1 mark
Is f(x) a one-to-one function? Explain your answer.
1 mark

Find m such that f,:[m,0)— R, f,(x) =ax’ +bx* +d is a one-to-one function.

1 mark

Sketch the graph of f,™*(X) for this one-to-one function on the axes in c.
3 marks
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QUESTION 1

a.

b.

SOLUTION

Set up the equations f(0)=-3,f(1)=3, f(7)=-3

Solve simultaneously to show that a=-1,b=7,d =-3

define f(x)=axS+bx2+d

Equation is f(x)=-x>+7x*-3

() f(0)=-3
(i) Find{x: f(x)=3}

f(0)=-3
f(1)=3
|f(7)=—3 a, b, d
{a=—1, b=7,d=—3}
D

# Edit Action Interactive

i oo [ TOT

f(0)=-3
|f(1)=3
f(7)=-3|a,0,d
{a=—1, b=7,d=-31}
—l1aa
-1
T*b
7
=32d
-3
f(x)
—x3+7-x2-3
sdve(—x3+7-xz—3=3,x)
{x=1, x=—V15+3, x=V15+3}
D

Alg Standard Real Rad

|

Gives X =1,34_r\/1_5

2M

M

1A

1A
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(i) f'(1.5)= % 1A

define f(X)=—X3+7X2—3
done
diff (f{x),x,1,1.5)
57
4
C.

y

50

40+

30

20+

10+

EIER 2

10+

4A
d.
solve (f(x) <3, x)
{—V15+3<x<1,V15+3<x}
O

{x:f(x)<3} for {—\/E+3<x<l}u{x> 15+3} 1A
e. f(x)is not a one-to-one function. It is a many-to-one function. 1A
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Restrict for domain[m,oo) where m~ 4.667 or m :%. 1A

# Edit Zoom Analysis 3]
b EE] B ke NN

v=—x B 2=3

.6EE67,47.81

solve[i(f(x))ﬂl,x]

71‘/1 2 3 4 5 B &
ax

wc=4. BHGEGE8 yc=47.81£‘1 {X=U,X=%}
Rad  Real [ ~
y
0
3P
1(\-"—
}:1::\\';/::::::}:::|=:::}:::x
-10 T 10 20 30 40 50
10+
v
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UNIT 1 & 2 MATHEMATICAL METHODS
EXTENDED RESPONSE QUESTION
POLYNOMIAL & CALCULUS QUESTION 2: PRECIOUS METAL

QUESTION 2 (16 Marks)

A quantity of precious metal whose volume is 500 cm® is melted and moulded into a shape

of length h centimetres and uniform semi-circular cross section of radius r centimetres, as
shown in the diagram.

a. Show that the total surface area, A, is zr>+2rh+zrh.

2 marks
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1000(2+ 7)
Tr '

b. Hence showthat A=7r?+

2 marks

c. Using calculus, find the value of r, correct to 2 decimal places, for which this surface
area is a minimum.

2 marks
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d. Write down the minimum surface area, correct to 2 decimal places.

1 mark

To make this precious metal into a beautiful piece of jewellery, it is decided to cover the

surface area with gold leaf. The flat surface area is easier to cover and costs $p per cm?
whereas the curved surface area is more difficult to coat with gold leaf and costs $q

per cm?, where p and q are constants with q > p.

e. Show that an expression for the total cost (in dollars) of covering this piece of jewellery
. o , 2000) 1000
interms ofr,pandqisgivenby C=p|7r° +—— |+ —q.
Tr r

2 marks
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f.  Find the value of r in terms of p and q for which this cost is a minimum.

3 marks
g. Hence, or otherwise, if p = 15 and g = 35 write down
i. the minimum cost (correct to the nearest dollar).
1 mark
ii. the radius (in centimetres, correct to 2 decimal places).
1 mark
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h. For safety reasons, the height of the jewellery piece must not be less than 10
centimetres in length. Find the minimum cost to cover the surface area with gold leaf,
if p =15 and g = 35. Give your answer correct to the nearest dollar.

2 marks
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SOLUTION

QUESTION 2

a. Total area = Two end semi-circles + flat surface + curved surface
1 ) 1
A=2><(§7z r )+2r><h+5x27r rh
A=zr’+2rh+zrh

b. Volume = 500 = E”rzh and so hzloO?
2 wr

A=7r’+2rh+zrh
=z r’+Q2r+zr)h

1000

r2

=z’ +Q2r+zr)x

=z r’+Q2+7)rx 1008 which when cancelling the r gives
Tr

2, 1000(2 + )
Tr

A=rxr , as required.

,, 10002+7)

C. A=rxr
T
%zzﬂr_1000(2+7r)xr_2
dr s

=0 for a minimum value
1

1000(2 + )

Therefore 27°r® =1000(2+ ) andso r = (—ZJS =6.39 cm

27

d. 384.40 cm? (do not accept 384.4 cm?)

) +QX 7 I X

®

C=p(7Z'r2+2I’h)+q><7Z'r><100? =p(7wr’+2rx 5
tr r

M1

Al

Al

M1

H1

Al

Al

M2

(Give a method mark for each part, curved and flat)

( ) 2000) 1000
~C=p|7rr+——|+ —q
Tr r
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2 2

dc (27[ . 2000)_1000 . "

Tr r
For minimum cost ac =0andso 2zrrp = 2000p+12000ﬂ q M1
dr wr

1

3
Hence r = (—1000(2 8 - q”)J Al

27°p
i. $8578
ii. 7.79 cm A2
1
Since h= 1009 thenif h=10, r= 100 (= 5.64 cm to 2 decimal places). Al
T V4

The minimum cost occurs when r =5.64 cm, and is approximately $9396. Al
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UNIT 1 & 2 MATHEMATICAL METHODS
EXTENDED RESPONSE QUESTION
POLYNOMIAL & CALCULUS QUESTION 4: THIRSTY HORSE

QUESTION 4 (16 Marks)
In outback Australia in the 1850s, drums were cut in half and used for water drinking tanks
for horses.

a. Show that the surface area of the drinking tank is given by S = zr? + zrh.

2 marks

100 - 7zr?
zr

b. If afully closed drum is made of 200 m? sheet of metal, show that h =

2 marks
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3
c. Show that the volume of the drinking tank is V = 50r —%.

2 marks

d. Using calculus, find the radius and height of the tank that gives the maximum volume.
Use an appropriate technique to prove that the volume is a maximum at this radius and
height.

4 marks

e. How much water can the drum hold?

1 mark
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f.  Ifthe tank is being filled at 0.5 m*®/ min, how long will it take to fill the tank? Express
your answer in hours and minutes.

2 marks

g. A very thirsty horse comes to drink at the tank. He drinks at an average rate of
0.8 m*/ min . State the rate at which the volume of water in the tank is changing.

1 mark

h. If the horse drinks for 20 minutes, what volume of water remains in the tank when the
horse finishes drinking? State your answer correct to 2 decimal places.

2 marks
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SOLUTION

QUESTION 4

a.

S.A=rr? +%.272'.r><h:7z'.r2 + .rh

100 = 7z.r? + z.rh

7.rh=100—- 7.r?
he 100 — 7.r?
T.r
_ 2
Vv :iﬁ.r2(100 .r )
2 T.r

Ve 100r z.r?

2 2
V =50r — Ty

2

v _ 50 — 3z r’=0
dr 2
o 100

3
r=10.61 (radius must be positive in a practical situation)
r =326m

Show maximum at r = 3.26, using a sign diagram,

When r < 3.26, then Z—V >0
r

When r > 3.26, then d_V <0,

dr
Therefore maximum.

100 - 7(3.26)*
- 7(326)
h =6504m

V= %;z(s.zes)2 (6504) = 10858m’

time = % =217.16min s = 3hours 37min

—0.8m® / min

Volume decreases at 0.8m? for 20 minutes = 0.8 x 20 = 16m?
Volume (after 20 mins) = 108.58 - 16 = 92.58m3
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UNIT 1 & 2 MATHEMATICAL METHODS
EXTENDED RESPONSE QUESTION
POLYNOMIAL & CALCULUS QUESTION 5: EREHWEMOS

QUESTION 5 (17 Marks)

Erehwemos is a country whose population is growing rapidly. The below graph shows this
country’s population (in millions) from 1950 (when it was 150 million) to 1990 and shows
what its population will be over the next 60 years if this growth continues unchecked.

Population (millions)

1300 /

1200 /

1100

1000

900

800

700

600

500

400

300

200

100

1950 2000 2050
Year

a. (i) Use the graph to estimate the population of Erehwemos in 1990 and in 2020.

1 mark

(i) Calculate the average rate of increase of population (in millions per year) from
1990 to 2020.

2 marks
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b. (i) Use the graph to estimate the rate at which the population is increasing in 1990.
State your answer correct to 1 decimal place.

2 marks

(i) Express the rate in 1990 as a percentage of the population in 1990, to give the
rate, as a percentage, at which the population is increasing in 1990. State your
answer correct to 3 decimal places.

1 mark

The government of Erehwemos is developing a population control policy, which is to be
introduced in 1995; one that could achieve population equilibrium (zero growth rate) some
years later. The situation is shown in the graph below, which is the same as the previous
graph from 1950 to 1995, but thereafter gradually changes.

Population (millions)

1300

1200

1100

800 4

700

500

400

300 g

200

100G

1950 2000 2050 3000
Year
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C.

(i) Estimate when zero growth rate will be achieved.

1 mark

(i) Estimate when the population growth will be greatest.

1 mark

(iif) Sketch a graph showing the rate of increase of population (in millions per year)
from 1950 to 2100.

3 marks
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It has been proposed that the population control policy can be modelled by the
equation P =at®+bt® +ct+d where t represents the number of years from 1950
and P represents the population in millions.

(i) State the value of d .

1 mark
(i) Write 3 equations that can be used to find the values of a,b and c.
3 marks
(iii) Hence write a matrix equation that could be used to find the values of a, b
and c.
1 mark

(iv) Hence solve for the values of a, b and c. State your answers correct to 3 decimal
places.

1 mark
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SOLUTION

QUESTION 5
a. (i) Recol wvatue~s oPR graph

{n 1990 — Pop s 3s© Al

ln 20O — Pop s 700 mitlron

(i) Avrore = M lne itonncang Hhe 2 porrts

(1240, 350)

x, b m= Hg_ -, - 700 - 350
.
CDL’).'LO,‘?DD) Py Q-O‘LO—quD
Y J2 = 1 % moltons perdr

b () Drowr atoagent fo curue ar = 9o armo select
2 pomits on He tongent ondl calcutate gvoclhens

(1aso, 50 )
Yl HI r"\-El 3’—"&’ = ?OO'SO _ 'T.Sm#”;h’.)ﬂ_f
( 2050, 800) 22~ 2050 19150 peryear
Xa e

Answer = 7.5 millions per year.

(ii) Tlhe Popu(&h‘or\ ¢ Q90 S S350 mdliron

- /. tnerease = 7.5 =< t00 = 2.143%
350

c. () =Zero ﬁrou:hfn rote occcuus when gaph s Flow |

i.e. ln22 ¢ 0

W i.e. Steepest gractient

The_arcnph /s most Steep N LO1o |
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(i) Draw tangents to the curve and plot.

af
at ™
‘CIS':,‘ o Leic B "2%{)' &ige g
(i) Substitute (0,150) Answer gives d =150
(i) Substitute (60, 550) : 216,000a + 3,600b + 60c +150 = 550
216,000a + 3,600b + 60c = 400
Substitute (85, 850) : 614,125a +7,225b +85¢ +150 =850
614,125a +7,225b +85c = 700
Substitute (110, 950) : 1,331,000a+12,100b +110c +150 =950

1,331,000a+12,100b +110c =800

a] [ 216,000 3,600 60 [400
(i) |b|=| 614,125 7,225 85| |700
c| (1,331,000 12,100 110| |800

216,000 3,600 60 ||la 400
Accept | 614,125 7,225 85 ||b|=]|700
1,331,000 12,100 110{|c 800

(iv) a=-0.002,b=0.356,c=—7.425
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UNIT 1 & 2 MATHEMATICAL METHODS
EXTENDED RESPONSE QUESTION
POLYNOMIAL & CALCULUS QUESTION 6: FUNCTIONS

QUESTION 6 (15 Marks)
Consider the graphs of the functions below:

f(X)=x*+x+2
g(x) =x+Kk

a. (i) Without substitution, show that the solution for these equations is given by
X=2vk-2.

2 marks

(i)  Hence find the coordinates of the point(s) of intersection of the curves when
k=6.

2 marks
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b. (i) Using algebra, find the value(s) of k which will ensure that two points of
intersection will be obtained.

2 marks

(i)  Hence find the equation of the normal at the point where curves f (x)
and g(x) touch.

3 marks
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Let A represent a point that lies on the graph of f(x).

c. Use the results from a. and b. to find the equation of the tangent to the curve
f (x) at point A and which intersects with the line g(x) at right angles.

3 marks
d. Consider the graphs of f(x) = x*+x+2 and h(x) =4e**.
()  Find the point(s) of intersection of the two curves.
1 mark
(i) Although the two curves intersect, they cannot be joined smoothly.
Show that a smooth join cannot be attained.
2 marks
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SOLUTION

QUESTION 6

a.

(i)

(ii)

(i)

(ii)

(s i

x= 4 é-2 = 4 4
,_',("":i.‘q‘) andl ‘(2(9)

& iq —~
{,‘2 Py R Yo wsbe L™ - 4ac O

x®+ o «(2-£) =0

A = Qﬂ— 4(‘@)(24:_) > O
- @44k >0
4k > 8
£ > 2

Q -
Yoo aln wdn e b —%ac=0

Crues
k=2
glx)= x4k = oc+2 = hangendt
m’rﬂﬂ‘ge'f\-}’ = i ~. mﬂ - L = !
ushen k;ﬁl o= \z-2 =
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3{ = £ =~
o = | —
d. (i) Let f(x) = h(x)
xlvx e = 4@ y G
Inter=cat ar ( [ *’-'r)
(i) Tod‘o?rw omodhily 2 grooliens at  point of coreca
must be the caome |
- S howo QJQQ(IO/\_O:{- st o2 = | Cove d-"#ﬁw .
x -
(0% U=xz+’>c+l On Y- de
01; . Q) Using technology:
A ar x =1 rs <
A=) (-;-l,,il,"'? —5“;/5

N

k "~ ~ Sn1od
I"S‘ aradu‘enm ore du#eft‘f\f‘/ /OM\ T N rﬁ‘
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UNIT 1 & 2 MATHEMATICAL METHODS

EXTENDED RESPONSE QUESTION

MIXED FUNCTIONS & CALCULUS QUESTION 1: MATCHBOX

QUESTION 1 (11 Marks) — CHALLENGING QUESTION

A matchbox consists of a tray that is open at the top, with a square base of side x cm and
depth h cm, and a cover with open ends; into which the tray can be inserted. In order to
simplify calculations, the cover may be assumed to have the same dimensions as the tray.

P
”
-
rd

I
I
!
!
pa
e

The cost of the material for the tray is p cents per cm? and the cost of the material for the
cover is ( cents per cm?®. If C is the cost of the material used in making a complete

. ) A
matchbox of volume 10 cm?, then C can be written in the form — + Bx?.

a. Find an expression for h in terms of x.

X

b. (i) Show that the cost of the material can be written as C =

40p + 20q
X

1 mark

+x*(p+2q).
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2 marks

(i) Hence find an expression for A and B interms p and (.

1 mark
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c. Use calculus to find the value of x (interms of p and q) for which C is a minimum.

3 marks
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d. To allow the cover to slide over the tray, there must be a clearing of at least NE) um,

(\/§><10’6m) between the cover and the tray. The measure of this clearing is modelled
by the equation:

d:{x:x>2}— R, where d(x)=+/(x*-p).

(i) If d(x)has an inverse function d " :{x:x>1} - R., show that p =3.

2 marks

(i) Find the equation describing d () and state the corresponding domain and
range.

2 marks
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SOLUTION

QUESTION 1

Ve N =
a. VO A sy

- . -
. L P o e F
b. (i) i i EEaW N
2 ] -
- e R S -
T P
Y R T Tt .
"'T""ﬂ
e
s o B N
T oox " L e VOT D gy o
E - ‘ H £
o e
g
[
-
o i -
e ~ Sy
s o i N e
i Y
[N b

(i) S

w
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UNIT 1 & 2 MATHEMATICAL METHODS
EXTENDED RESPONSE QUESTION
RADICAL FUNCTIONS & CALCULUS QUESTION 2: SLIDE

QUESTION 2 (16 Marks)
The height, in metres, of a slide can be modelled by the function H(x) = —v4x+2 +5
where X is the horizontal distance, in metres, from the base of the slide.

H(x)

a. Findwhere H(x)=0.

1 mark

b. If the slide ends where it touches the ground, state an appropriate domain and
range for H(x).

2 marks
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c. Find the average rate of change in the height of the slide from x=0 to x=2.

2 marks

d. State the instantaneous rate of change of the slide at x =1.

1 mark

e. Explain if your answer for d. is steeper/equal/shallower than the average rate of
change in the height of the slide from x=0 to x=2.

2 marks

f.  If the height of the slide has to be halved for safety concerns and then moved to the
right by 5 metres to avoid some wet ground, state the new function, H; (x) in terms

of X.

2 marks
g. Find the rule of inverse function H™1, also stating the domain and range of H~1.

4 marks
h.  Sketch the inverse function H~1, on the given graph.

2 marks
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SOLUTION

QUESTION 2
a. Solve H(x)=—+4x+2+5=0 gives x:?. 1A
define f(x)=—v 4x+2+5
done
solve (f (x)=0, x)
_23
{X‘ 4 }
-
. 23
b. Domain O’T , Range [0,5—&} 2A
c. Average rate of change
_f(2)-1(0)
2-0
1M 1A
Z-J1
2
f(2)-f¢0)
2-0
-(/10-v2)
2
0
d. f’(l)=£ 1A
3
diff (f(x),x,1,1)
V6
3
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e. Answerford.is f'(1)~-0.816
Answer for c. is ~—-0.874

M

Instantaneous rate of change at x = 1 is shallower than the average rate of change

fromx =0tox = 2.

f(2)-£(0)
2-0

diff (f(x),x,1,1)

1

—0.8740320489

-0.81649635809

f.  Halved y= %(—\/4x+2 +5)= —%\/4x+2 +g

Then moved to the right gives y = —%«/4(x—5) +2 +g

Giving H; (x) = _%1/4X_1g +g

g H(X)=-V4x+2+5
Swap:
X= —\/m+5 and solve
Giving:

5-x=,4y+2
S (B5=X)?=4y+2
A4y =(5-%x)*-2

H‘l(x):%(S—x)z—%

Alternatively:

solve(f(v)=x, v)

Y=T4 7o

1 32_5*)(

23
+4}

1A

1A

1A

1M
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x> 5x 23 1 1
HY(x)=2-24 25 or HY'(X)==(5-x)*-= 1A
(X) 7 2t (%) 4( ) 5
. 23
Domain [O,S—x/ﬂ, Range O,I 2A
H(x)
5
4
3
2
1
X
1 2 3 4 5
2A
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UNIT 1 & 2 MATHEMATICAL METHODS
EXTENDED RESPONSE QUESTION
RATIONAL FUNCTIONS & CALCULUS QUESTION 1: TITANIC 2

QUESTION 1 (10 Marks)

Leonardo Di Caprio has invested in a replica of the ship Titanic, called Titanic2. Leonardo is
planning a 13,000 km trip from Los Angeles to Melbourne. The cost, C$ per hour, at an average
speed of v km/hr is given by the equation

C =0.02v° +@

\Y

a. Whatis the cost per hour at a speed of 15km/hr?

1 mark
b. What would be the cost of the 13,000km journey at 15km/hr? State your answer correct
to the nearest dollar.
2 marks
6
c. Show that the cost of a journey of 13,000km at v km/hr is 260v? + %
Vv
2 marks

© The School For Excellence 2020 Mathematical Methods — Examination Questions Page 1



d. (i) Leonardo wants to keep costs to a minimum. Calculate the most economical speed for the
journey. State your answer correct to 2 decimal places.

2 marks

(i) What is the minimum cost of the journey? State your answer correct to the nearest dollar.

3 marks
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SOLUTION
QUESTION 1

a. C=0.02(15)° + % =67.5+16 =$83.50per.hour (1 mark)

13000

Cost =83.50x866.67 = $72,367 (1 mark)
c. Time= 13000
Vv
Cost = 13000 (0.02v® + @) (1 mark)

Vv Vv
13000 y 2v* + 24000 3 26000v* +3.12x10°

v 100v 100v®

6
= 260v> +M (1 mark)
Vv
6
d. (i) d—C:SZOV—M:O (2 mark)
dv Vv
6
6.24>;10 500V
v
6.24x10° =520v*
v* =12000
v =10.47km/hr (2 mark)
(i) t= 13000 =1242.076hrs (1 mark)
10.4664
C =0.02(10.4664)° + 240
10.4664

C =22.9309+ 22.9305=45.861%/hr (1 mark)

Total Cost = 1242.076 x 45.861 = $56,962.85=$56,962 (nearest dollar) (1 mark)
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UNIT 1 & 2 MATHEMATICAL METHODS
EXTENDED RESPONSE QUESTION
RATIONAL FUNCTIONS & CALCULUS QUESTION 2: HYPERBOLA

QUESTION 2 (24 Marks)
3x-4

A function is defined by f : R\{-2} - R where f(x) = 5
X+

a. State the domain and range of f .

2 marks

b. (i) Write f(x) inthe form 2 ik
X+h

2 marks

a
(i) Write f inthe form ——+k and state the value(s) of x for which f* is
X+

not defined.

3 marks
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c. Write the equation f(x) = x in the form ax®+bx+c =0 and hence show that there
are no real values of x which map themselves under the function f .

3 marks
kx —

The function g is defined by g : R\{-2} - R where g(X) = 5
X+

d. Find the positive value of k for which there is only one value of x satisfying g(x) = x.

3 marks
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Consider the function f(x) = 2x* —16x + 25.

e. (i) Write 2x* —16x + 25 in the form a[(x —b)? +c], where a, b, ¢ are constants.

2 marks

(i) The graph of 2x> —16x + 25 may be obtained from the graph of y = x* by means

of appropriate translations and dilations. Describe suitable transformations in detail
and state the order in which they would be applied.

3 marks
(iii) State the equations describing:
y="Ff(X)+2
y=f(x-3)
y=2f(1-x)
3 marks
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f.  Afunction f is defined for the domain X >4 by f(X) = 2x*—16x+ 25. State the
domain and range of f " and determine its equation.

3 marks
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SOLUTION

QUESTION 2
3x—4
a. = _
<12 , X #= —2
dom f= R\{—2}

To find the range, we solve for x:
(x+2)y=3x—4
xy+2y=3x—4

2y+4=3x—xy

=x@3—y)
x=2§}j4,y?€3
ran f= R\{3}.

34—2 .

If f(x) = x,

3x—4

x+2 *
3x—4=x(x+2)
3x—4=x2+2x

—x2+x—4=0
x2—x+4=0

—b+ \/b2 — dac

2a
(D= (—1)2 —4(1)4)
N 2% 1

1+ ylI—16
2

1+ VY—15

The equation has no real roots. Hence
there are no real values of x which map
onto themselves under the function f.

then

X =

b. (i) 3
x 42 [(3x-4 .

32 +6
_-———‘_———_——
—10

t{» B*JQ——»

e o P

Py =2 -2

~ -3

-ﬁ—'/‘l) v S not de P:nea’“’"‘”‘

-« = g
Ifg(x) = x,
kx—9
then 10 =X
kx —9=x(x-+2)
=x2+ 2x

—x24+kx—2x—9=0
x2—kx+2x+9=0
X2+Q2~-kx+9=0

The condition for a root is A =0

ie. b2—4dac=0
2—k2—4X1X9=0
2—-k)2—-36=0

2—k)2=36
2—k==+6
—k=+£6—2
=4 or —8
k= —4or8

So, the positive value of k& is 8.
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(i)

2x2— 16x+25=2(x2—8x+ %
=2(x2—8x+16—16+%
=2[(x— 42~ 3 + 7]
=2[(x— 42~ 1]

(i) Dilation of factor 2 from the X axis.
Translation of 4 units in the positive direction along the X axis.
Translation of 7 units in the negative direction along the Y axis.

(iii)
‘d’-p(%Z = Zafibx+2s +2

= 2x%—~169+27

y- fx3) = 2(x-1)"—1e(z-3)* 25
= 2(12._61-_(-‘:})— l6x +4Q 2%
= 213,_421 1{2—?61‘?4'?"‘2'5

= 222-2¥x +9¢

Y= Q.P(:-a.) = 2[2(;-1) 2 16 V-1) t2S
:"2-[2(;-2a_+1z_)-— 16416 "LS:]

= 2[2-‘(‘1 290 — L6 416X 42{7

= 2 (Zl-z-uzi.—fn)

= L4y ?a24x +22

y=2x2—16x+ 25

f. =2(x—4)2~T, x=4,p=—T
dom f~! = {x: x= —7}
y ranf-! ={y:y=4}
The inverse of
y=2x—42—-"T,x=4,y=—17
. .y isx=2(y—42~-7,x=-7,y=4

0 4 . . x+7=2(y—4)
G=4P=3(x+7)

y—4=xVYi(x+7
y=4=x Y3 (x+7),
~ 4+ VI(x57) as y>4

_’7_
4.~ s U =4+ Vigx+7). x=~7.

The range is fy:y = —7}.
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UNIT 1 & 2 MATHEMATICAL METHODS
EXTENDED RESPONSE QUESTION
TRIGONOMETRIC FUNCTIONS QUESTION 2: KING'S BEACH

QUESTION 2 (11 Marks)
The water level at King's Beach on a Monday is modelled by the equation

h(t) :1.5+sin(%t], where h is the height of the water above sea level in metres,

and t represents the time in hours from 9 am in the morning.

a. Find the maximum depth of water, correct to 3 decimal places.

1 mark

b. (i) Show that the first time on Monday when the depth of the water is equal to 1.2
metres occurs at approximately 3:35 pm.

3 marks
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C.

(i) If children cannot swim in the water when the depth exceeds1.2 metres, state the
times when the children can safely swim on Monday. State your answer(s) correct
to the nearest minute.

2 marks

(i) Find the average rate of change in the height of the water between 9 am and 2 pm,
correct to 3 decimal places.

2 marks

(i)  Find the first 4 times when the rate of change in water level is decreasing by 0.5
metres each hour. State your answers correct to 4 decimal places.

3 marks
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SOLUTION

QUESTION 2

a. Maximum Value = Amplitude + Vertical Translation
=1+1.5=2.500m

b. (i) 1.5+sin(%j:1.2

sin(EJ =-0.3
6

1st Quadrant Solution: Sin_1(0.3) =0.3047

Solutions are to lie in the quadrants where sin is negative i.e. Quadrants 3 and 4.

% =7 +0.3047, 27 —0.3047
% =3.44628, 5.9785
..1=6.582,11.418 hrs

First time occurs at 6.582 hours, which is at approximately 3:35am.

(ii)

w X

Note: Monday ends at 15 hrs (midnight)

The children can safely swim on Monday between the following hours:

{t:6.582 <t <11.418} where t represents the time in hours from 9am in the morning.

In real time: Between approximately 3:35 pm and 8:25 pm.
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C.

(i) The average rate of change = The gradient of the line connecting two points.

At 9am, t =0 hrs

h(0) =1.5+sin(0) =1.5 s (%, yp) =(0,1.5)
At 2pm, t =5 hrs
. (57
h(5) = 1.5+sm(?j =2 (X, ¥2)=(5,2)
Average Rate of Change = Yo=Y _2-15_05_ 0.100 m/hr
X, =% 5-0 5

(i) Decreasing by 0.5 metres each hour means —0.5m/hr.

Using technology:

E= s, . qa24a
L= 6.5 75%

= 174294
= IR.Y 756
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UNIT 1 & 2 MATHEMATICAL METHODS
EXTENDED RESPONSE QUESTION
EXPONENTIAL & CALCULUS QUESTION 1: XF

QUESTION 1 (15 Marks)

The X-files have discovered a new type of flesh eating micro-animal called XF. The animal is
captured in an air-tight container, however, if the container was to open, the number of XF’s
would increase exponentially.

The number of live XF after t minutes is modelled by the function F(t)=Fe“,t>0
where t =0 is taken at the time the jar is opened,

a. There are 300 XF micro-animals in the jar before it is opened. What is the value of F ?

1 mark

b. The container is accidentally opened, and it is found that after 10 minutes there are
700 FX micro animals. Show that k =0.085.

2 marks

c. Calculate how many XF micro-animals would be alive after 1 hour.

1 mark
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Find the rate of increase of the XF micro-animals after 1 hour.

2 marks

In the X-files there is information to say that one human adult can be consumed for
every 1000 XF micro-animals.

i. After 1 hour, in what capacity would humans be affected?

1 mark

ii. After 2 hours, in what capacity would humans be affected?

1 mark

Fortunately, a laboratory has discovered a substance called XKILL that will kill the XF

micro-animals. The formula to model this is given by K(t) =50e’" .

As soon as the XKILL substance is released the XF stop multiplying.

The XKILL substance is released 1 hour after the XF micro-animals escaped from the
container.
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i.  How long will it take to kill half of the XF micro-animals. State your answer in hours
and minutes.

2 marks

ii. How long will it take to kill ALL of the XF micro-animals? State your answer correct
in hours and minutes.

1 mark

iii. How long did it take to kill the last half of the XF micro-animals?

1 mark
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It was decided to investigate the inverse function of the XF micro-animals, to see if
there would be some understanding in their structure and growth.

From the original F(t) function, find the inverse function and state the corresponding
domain.

3 marks
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SOLUTION

QUESTION 1
a. F,=300 (12 mark)
b. 700=300e*" (1 mark)

7_00 _ lok

300

10k =1In2.33

k = 0.085 (1 mark)

F(t) = 300e*®" (1 hour = 60 mins)

F(GO) — 300e0.085><60
=49207 (1 mark)

F'(t) = 255e%% (1 mark)
F’(60) = 255e°%%® = 4183XF / min (1 mark)
49207

F(60) = 000 from part (c)

=49 adults (1 mark)

F(120) = 300e*°**?” = 8070956 (+1000)

Therefore, 8071 adults (1 mark)

i. F(60)=49207
half 246035 =50e’" (1 mark)

492.07 = e

0.1t = In492.07

t =61.99 mins

t =1 hour 2 mins (1 mark)

ii. 49207 =50e°"
t =68.92 mins
t =1 hour 9 mins (1 mark)

iii. 7 mins (2 mark)
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F(t) = 300¢°%

Swap Fandt: t=2300e’%" (1 mark)
L _ @0.085F

300
0.085F = InL
300

1t
F=——In——
0085 300

F=1176Int-6710,t>0

(2 marks)
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UNIT 1 & 2 MATHEMATICAL METHODS
EXTENDED RESPONSE QUESTION
LOGARITHMIC FUNCTIONS QUESTION 1: TUNGSTEN GLOBE

QUESTION 1 (9 Marks)
The intensity (y units) of light emitted from a tungsten light globe is given by

y = Alog, (t+b)

where t is the time in microseconds (u sec). The initial globe intensity is O units and the
intensity at 8 4 sec is 50 units.

a. (i) Showthat b=1.

1 mark
(i) Show that A= >0 .
log, 9
1 mark
b. (i) Find the intensity of light at 15 sec.
1 mark
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(i) Find the exact time at which the intensity of the globe is units.

log. 9

2 marks
(i) Let y= f(t). Find the equation describing the inverse function, f -+
2 marks
(i)  State the range of f *.
1 mark
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d. The graph of y = Alog, (t +b) undergoes a transformation to produce the curve with
50

equation Y = Alog, (t) , where A= I
0g

3

e

State the transformation required to convert y(t) to Y (t).

1 mark
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SOLUTION
QUESTION 1
a. () y=Alog,.(t+b)
Whent=0, y=0
Alog, (b) =0

log, (b) =0
~b=1

(i) y=Alog,(t+1)

When t=8, y=50
Alog, (8+1) =50
Alog, (9) =50

_ 50

" log, 9

b. (i) Find y when t=15.

y:( 50 Jloge(tJrl)
log. 9

e

y = 50 log,(15+1) = 50 log, (16) units
log. 9 log, 9

e

(i) ( 50 jloge(t+1):
log. 9

e

log. 9

e

1
log.(t+1)=—
g.(t+1) =0

e/ —t+1

t :e%O —1 usec
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d.

tlog, 9
‘- =lo +1

= 9.(y+1)

LIogeg
el =y+1

L og, %

y= i) =™ _1=g™
y=f1t)=9%-1
Alternatively: % log, 9=1log.(y+1)

log, 9% =log, (y +1)
9% =y +1

y=f1t)=9%-1

(i) Range f ' =Domain f(t): (0, «).

Translation of 1 unit in the positive direction, parallel to the t axis.
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UNIT 1 & 2 MATHEMATICAL METHODS
EXTENDED RESPONSE QUESTION
LOGARITHMIC FUNCTIONS QUESTION 2: BRIDGE

QUESTION 2 (10 Marks)
A bridge is to be built across a 40 metre wide creek. The architect draws on a set of axes a
cross-section of the bridge, which is symmetrical about the line AC, as illustrated below.

‘\\ y=a{x— 20)3 +b

The water level is along OD. The architect introduces the x and y coordinate system for
calculation purposes as shown. For example, point S has coordinates (40, 10) .

a. State the coordinates of Q, C and R.

1 mark

1
b. If the curve QCR is a parabola with equation y = a(x —20)*> +b, show that a = ——

40
and b=230.

3 marks
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c. (i) State the coordinates of the points P and B.

1 mark

(i) Hence find the average rate of change in height of the bridge between P and B.

2 marks

d. If curve PB is modelled by the equation y = klog, (X +5) +C, using algebra, show
10
log, 5

that k = and c=0.

3 marks
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QUESTION 2

Il

(0, 20)
(20, 30)
(40, 20)

I

a Q
C
R

SOLUTION

b y=a(x—20 +b

(0, 20) = 20 =400a + b

(20,30) = 30=0+ 0
b =30
Substitute for b in (1)
20 = 400 a + 30
—~10 = 400a

€
40

S0, y = — 35 (x — 20)* + 30

a=-

c. () P> (o,o)
B - (20,20)
i) Aveate = 42~Y)
’x&'_‘)L}
d y=klog, (x+5)+c

©, 10) = 10=klog, 5 + ¢

(20, 20) = 20 = k log, 25 + ¢

(3)—(2) gives

()

20—'06 = L m}m
20~

2)
G)

10= k(log, 25 - log, 5)

25
=kl —
o)

=k log, 5
10
~ log, 5

Substitute for k in (2):

10= xlog,5+cC
log, 5

10=10+c

..c=0
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UNIT 1 & 2 MATHEMATICAL METHODS
EXTENDED RESPONSE QUESTION
LOGARITHMIC FUNCTIONS QUESTION 3: FARMER IRENA

QUESTION 3 (15 Marks)
The changes in the depth of the water in Farmer Irena’s rain water tank is illustrated below,

where d represents the depth, m, of water in the tank, and t represents the time in weeks
from January 1% 2006, for 0<t<14.

d(m)

10

t(wks)

(] 2 4 6 8 10 12 14

If the depth of water in the tank is modelled by the equation d(t) = at® + bt +c:

a. (i) Showthat c=5.

1 mark
, . . : 4
(i) By stating two appropriate equations, show that a = 5 and b= —§ .
3 marks
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b.

The depth of water in Farmer Robert’s water tank is described by the equation
D(t) =a—blog,(15—-t)where D represents the depth, m, of water in the tank, and t

represents the time in weeks from January 1% 2006, for 0<t<14.

D)

10

(i) 1f D) =4.7219 and D(4) =5.2042 and Kk, and Kk, represent real number

values, write an equation in the form b = Ikﬁ that could be used to find
oge 2

the value of b .

2 marks

(i) Hence find the values for a and b . Express your answers to the nearest whole
number.

2 marks
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(i) Hence find, correct to 3 decimal places, the time at which the depth of water in
Farmer Irena’s and Farmer Robert’s tank are equal.

2 marks

(i) State an expression for the difference in the depths of water in Farmer Irena’s and
Robert’s tanks.

1 mark

(i) Hence find the exact difference in depths at 3 weeks.

1 mark

(iii) Determine when the difference in the depths of water in the two tanks is at its
greatest value. State your answer correct to 3 decimal places.

1 mark
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When the average monthly rainfall was low (between Weeks 1 and 5), Farmer Irena
topped up her water tank with water illegally siphoned from Farmer Robert’s supplies.

The depth of water in Farmer Irena’s tank across this period of time is modelled by the
inverse of d(t) . Find the rule describing the inverse function, d (t) stating the
corresponding domain and range.

3 marks
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SOLUTION

QUESTION 3
a. (i) UWhen F=0, das
e XA =

i) 9= ar?abt s+ g
(3,2) : 9a +3b « 5 =2
Aa+ 3b = -3 -0
{q,;} : 8la+9b #+5 = 2
la + 9b - -3 —.@

® - 3<x® : 8la+s 9b = - 3
27a +qQb = ~9q
S4a - ¢
o= %7 - ba “4/3
L dUD = 2
(0. & -3 45
9 3
b. (i) 0= a-b luae Cos*- e.)
é/‘l’-?2l9) N a - bleqe @ = 4.72.9 —_—
(a, 5. 2082): w-bloge Il = S.1002 —()

O-(D : lolaae H=blog,¢ = =~ 04823

b|c9e<—;l;.) s ~o4g13
(ii)

b= ~0.482
3 = 2
—D.L%411¢
Sobstture ba2 2 o D - a= 10
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(i) Usirg Feehndlegy, sowe for the

P0=r\§*($) of vAtersecton ot rhe e curwfl

¢ 2 _= - -
Le + ..5k+s~-- 10 ~ & log, (15-¢)

$z2 0, 2898 = . 210 weekyg

2 .
. () Dffererce in deprrs = [10-2109e Cs-6)[- [ & - 4t *i}

= s—g;oge(us-e)—_s_‘ +_4?e-

(i) Difference = 5-2log,1 —%+?=8—2I09612 metres.

(i) Using technology — greatest difference occurs when t =7.146 weeks and
the difference at that point is 4.732 metres.

dle) - €2 4k +S S N CTANEE
) 3
RN E‘_’,’._‘l—d + 5
3 (ot-¢) = Jac-q
B

q
_—

]

2o+t = {aleq)
= 3 )&~

R T PR

e L(at g +as)

. g[oﬁ-uw +36- 36445;-]

. E;_[Ld_s):. +?] Dom d"((—) = {lst—é S‘}

Ran d"(t-) s fést S‘l}
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