UNIT 3 & 4 MATHEMATICAL METHODS
VCAA EXAMINATION 1 - 2006 TO 2017

DIFFERENTIATION - OPTIMISATION

QUESTION 1 -2006 (AVERAGE - HARD)

A rectangle XYZW has two vertices, X and W, on the x-axis and the other two vertices, ¥ and Z, on the graph
of y =9 — 3x2, as shown in the diagram below. The coordinates of Z are (a, b) where a and b are positive real

numbers.

y

F 3

Y(—(J, b) Z((J, b)

a. Find the area, 4, of rectangle XYZW in terms of a.

1 mark

b. Find the maximum value of 4 and the value of a for which this occurs.

3 marks
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QUESTION 2 - 2008 (HARD — HARD — HARD)

A plastic brick is made in the shape of a right triangular prism. The triangular end is an equilateral triangle with
side length x cm and the length of the brick is y cm.

The volume of the brick is 1000 cm?3.

a. Find an expression for y in terms of x.
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b. Show that the total surface area, 4 cm?, of the brick is given by

400043 .\ 3x?

X 2

A

¢.  Find the value of x for which the brick has minimum total surface area. (You do not have to find this
minimum.)

2 +2 + 3 =7 marks
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QUESTION 3 -2010 (HARD - HARD - HARD)

A cylinder fits exactly in a right circular cone so that the base of the cone and one end of the cylinder are in the
same plane as shown in the diagram below. The height of the cone is 5 cm and the radius of the cone is 2 cm.

The radius of the cylinder is » cm and the height of the cylinder is 4 cm.

2cm
4+ —>

n

5cm

For the cylinder inscribed in the cone as shown above

a. find A in terms of

2 marks
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The total surface area, S cm?, of a cylinder of height 4 cm and radius 7 cm is given by the formula
S = 2mrh + 2m°.

b. find Sin terms of

| mark

¢. find the value of » for which S is a maximum.

2 marks
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QUESTION 4 - 2011 (AVERAGE - AVERAGE - HARD - HARD)

The figure shown represents a wire frame where ABCE is a convex quadrilateral. The point D is on line segment
EC with AB=ED =2 cm and BC = a cm, where ¢ is a positive constant.

/BAE = /CEA :%

Let ZCBD =0 where 0<9<%.

C
0
); Pl O p
2 cm 2 cm
1 ]
A E

a. Find BD and CD in terms of a and 6.

2 marks
b. Find the length, L cm, of the wire in the frame, including length BD, in terms of @ and 6.

1 mark
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¢. Find d—L, and hence show that d—L =0 when BD =2CD.
do do

2 marks

d. Find the maximum value of L if a :3\/5 .

1 mark
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QUESTION 5 — 2013 (AVERAGE — HARD — HARD)
Let £: [0, ) — R, f(x)=2¢ 5.

A right-angled triangle OQP has vertex O at the origin, vertex ( on the x-axis and vertex P on the *
graph of £, as shown. The coordinates of P are (x, f(x)).

Y
A

y=fx)

P(x, f(x))

0 0 > x

a. Find the area, 4, of the triangle OQOP in terms of x. 1 mark
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b. Find the maximum area of triangle OQOP and the value of x for which the maximum occurs. 3 marks
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c¢. Let S be the point on the graph of f on the y-axis and let 7 be the point on the graph of f with

the y-coordinate 3

Find the area of the region bounded by the graph of f and the line segment S7. 3 marks

b
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QUESTION 6 - 2014 (HARD - HARD - HARD - HARD)
A line intersects the coordinate axes at the points U and V" with coordinates (u, 0) and (0, v), *

: . 5
respectively, where u and v are positive real numbers and 5 <u<o.

a.  When u = 6, the line is a tangent to the graph of y = ax® + bx at the point O with coordinates
(2, 4), as shown.

p <

\ v (0, v)

02,4
U(u, 0)
O/ \ \ B
If @ and b are non-zero real numbers, find the values of @ and b. 3 marks
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b.  The rectangle OPQOR has a vertex at ( on the line. The coordinates of Q are (2, 4), as shown.

y
A
\ V(0,v)
R 0(2.4)
U(u, 0) > x
0 P \
i. Find an expression for v in terms of u. 1 mark
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ii. Find the minimum total shaded area and the value of # for which the area is a
minimum. 2 marks

iii. Find the maximum total shaded area and the value of u for which the area is a
maximum. 1 mark
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QUESTION 7 - 2015 (HARD - HARD - AVERAGE - HARD - HARD)
The diagram below shows a point, 7, on a circle. The circle has radius 2 and centre at the point C

with coordinates (2, 0). The angle ECT is 0, where 0 <0 < %

The diagram also shows the tangent to the circle at 7. This tangent is perpendicular to C7 and
intersects the x-axis at point X and the y-axis at point Y.

a. Find the coordinates of 7 in terms of 4. 1 mark

b. Find the gradient of the tangent to the circle at 7"in terms of 4. 1 mark
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¢.  The equation of the tangent to the circle at 7" can be expressed as
cos(O)x + sin(f)y =2 + 2cos(H)

i. Point B, with coordinates (2, b), is on the line segment XY.

Find 5 in terms of 4. 1 mark

ii. Point D, with coordinates (4, d), is on the line segment X7V.

Find d in terms of 6. I mark
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d. Consider the trapezium CEDB with parallel sides of length b and d.

Find the value of & for which the area of the trapezium CEDB is a minimum. Also find the
minimum value of the area. 3 marks
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SOLUTIONS
QUESTION 1

a.

A=lzxw = 2ab

wihen 2=, Y- b .." b:q—gOQ
ey X ro(q—3a 2’_)

-

l€0-6q3

Difficulty: 55% of students answered this question correctly
Average Score: 0.6 out of 1

Ler dA e
da

rae value of A = '@O“'éag
|g—~l€c722@

= l@(l) — 6(!)3
o = |

!

Q
I
q

LA sqQuare vN =Y

= " ( oa>0)

Difficulty: 26% of students answered this question correctly
Average Score: 1.2 out of 3
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QUESTION 2

a.

Volume = Area of triangle times y.

Use area of triangle A = %bc sin(A) for equilateral triangle

1, . 0
V =—x"sin( 60

¥ sin(60°) y
V' =1000
1

V3

1000==x"—y

4000 4000~/3

\/§x2 3x2

Difficulty: 35% of students answered this question correctly
Average Score: 1.2 out of 2

Surface Area = 2 (area of triangle) + 3(rectangles)

A= 2[%)62 g]—lﬁ(xy) where y = 40003

3x°
4 =2G\/§x2j+3(x 40002‘5]

3x
2
Giving A = «f32x + 4000y3 (M1)
X

Difficulty: 31% of students answered this question correctly
Average Score: 0.9 out of 2

(M1)

(A1)

(M1)
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V332 N 400043

A=

2 X
d_A = \/_x - 400(3\/5 =0 for minimum
dx X

S = 400043

2

X
3% =40004/3

5. x> =4000

- x =1/4000

1
Alternative answers: x = /4000 = 40003 =103/4

Difficulty: 30% of students answered this question correctly

Average Score: 1.3 out of 3

(M1)

(M1)

(A1)
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QUESTION 3
2—-r

a. By similar triangles % = =2h=52-r)

2 2-r

105~
2

h

Difficulty: 11% of students answered this question correctly
Average Score: 0.5 out of 2

b. S=2zrh+27zr’ where h= 10-5r

S :27zr(10;5r}+27rr2

S= Jz'r(IO—Sr)+ 27r?
S =10zr—5zr* + 271

=S =10zr =371

Difficulty: 47% of students answered this question correctly
Average Score: 0.5 out of |

¢.  For maximum surface area;

S =107r —371*
dsS

So—=10r—-62r=0
dar

107 —67r=0
5

SoF=—
~
D

Difficulty: 10% of students answered this question correctly
Average Score: 0.5 out of 2

(M1)

(A1)

(MI)

(A1)
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QUESTION 4

a.

sin(t?) _p and COS(Q) _BD
a a

..CD=asin(#) and BD =acos(0)

Difficulty: 62% of students answered this question correctly
Average Score: 1.3 out of 2

L=4+a+2acos(0)+asin(6)

Difficulty: 58% of students answered this question correctly
Average Score: 0.6 out of 1

% =acos(8)—2asin(6)

%:0 = acos(9)=2asin(9) = tan(ﬁ):
1

But tan(0) :% =3 so that BD =2CD

D | —

Difficulty: 28% of students answered this question correctly
Average Score: 0.7 out of 2

l = sin(49)=L and cos(r9)=i since O<t'5’<£
2 5 J5 2
LW:4+a'+2a><i+av><L when a =345

V5 5

L =4+3J5+12+3 (A1)

tan(@) =

max

L. =19+35

Difficulty: 5% of students answered this question correctly
Average Score: 0.1 out of 1

(A2)

(A1)

(M1)

(A1)
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QUESTION 5

a.

b 2% = f(‘l)
~
=™ re 2 squore varts L A~l)

"

»)

Area = ;Lx bx h

Difficulty: 55% of students answered this question correctly
Average Score: 0.6 out of 1

s 0
A=xe i

dh o afpeY ()6
one

= e - |

_ ~ X/

= e (!- '—‘;)

—x/
ler-dA o e T(l’“%"):o
Are
|- % =0
> 13

x = S ("f’)

Arv\ax = Ic,»x/f = 5€—| square i (A“)

Difficulty: 26% of students answered this question correctly
Average Score: 1.2 out of 3
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o I
uppe ik : b: 2e o
1 - De s
.
1. e-l/g
=5 e~°‘-lr
\oge(—#—) = loge

_ s
= ._S:CSIOSe’Q"s) K il (A')

Difficulty: 7% of students answered this question correctly
Average Score: 1 out of 3
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QUESTION 6

a.
2
y=ox +b o

N _ 2amx+b (grootent o tongent)
adrxr

M?—:l,ﬂ = 4a+b
e

) Q anal 4 gjL—-H, -

e i
a(z”xi

o= . m
when uw= 6 | hne conmnnecs

4a+b= "I —@® ém')

2 .
As (2,4) lies on y=ax% delat. .

4 =a(2)*+ 2k

B oo B iy Lree]

4atb="~1 —~@
2a 4b = & — &)

@‘@-’}&a =~ 3

a= ~3 (A7)

~.b=s (A1)

Difficulty: 30% of students answered this question correctly
Average Score: 1.5 out of 3
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va ue
V-4 _ o0-4

- 3 w~ 2
V-4 = B8
u~ 2
ve 4+ % = 4u (A )
i~ 2 u—12

Difficulty: 32% of students answered this question correctly
Average Score: 0.3 out of 1

(i)

Shaded Area = —'p:uv - &

b ve g preas Su(tag) =R
= _2!42 - 8 CM|)
u-~ &
Let dA _o- (u-2)(4uw) - (2:*) () = ©
adu (u-—.l)z

2
4u?-gu —2u” =0

2u2~%u = O
.2u< o - q..) = O
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Au=0 ©R u— %4=0

u= 0 U= 9

A‘S u>S 0 U= 4

= 2 2
A= 2u — &= 2(4 ) - @ = € sguare unrks Cloc.:u_m.-r\)

u-2 “4- 2
Test endpoints s S gy & 6
2
S A 2{2 s
u= > » 2 ) —_—r =1 e
5.2
2
2
u=6, A= 2(¢) -8 =
6-2

" /ka\t/\ ol R s Qr are un S (i A )

Difficulty: 9% of students answered this question correctly
Average Score: 0.4 out of 2

(iii)
'\(\ —17 ~F f\ ]
At Mmum ¢:)_I'(?¢:l L l 5;¢:[,llt=l‘ = L A g5 (ij ‘:)

Difficulty: 8% of students answered this question correctly
Average Score: 0.1 out of 1
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QUESTION 7

a.
b 4
t
Ve
B(2,b)
,,,
I D (4, d)
|
l
” » » X
X
T:(Z ”"ZCJOSS/ 2’5"-\9 )
Difficulty: 20% of students answered this question correctly
Average Score: 0.2 out of 1
b.
m‘(:! ) __LA—ﬁ
ARa: o
Moy = 7S€ - 2506 = bton&
run 2 <O

tan®

Difficulty: 16% of students answered this question correctly
Average Score: (0.2 out of |
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c. ()

A0SO + YSINE = 2 4+2ec6®

when a=2 (Tf:b
2t0s6 + beln® = 2 +2 c0s®

hsine = 2

b = 2 CAI)

sStNn&-

Difficulty: 54% of students answered this question correctly
Average Score: 0.6 out of 1

(i)

’Ibose—ejstn@ = 0 4 2.eO8 (&4

when r.z:_4~/

\{:d
2} 006 + Asin® = 2 a Aeca S
detn® = 2-2e0s @
o L—LeoRE

e (%)

Difficulty: 47% of students answered this question correctly
Average Score: 0.5 out of |
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(2, b)
0(4,d)
ol

e(2,0) el o)
R

e 2 _2cos

= 2
S'nB scen B

= 44— 2 cosB
e
s?r\e

old str\e(?_stf\e)—(‘f-—Zf.ms)wss CM\)

(sinb) 2

Ade

2
= 2sn?6 —4 0B +Quws C

sin?6

= 2(5\‘096 -@oosze_) — 4 cos &

thza

]

& — 4 os &

2O
Ler oA =0 2—4 cos®& =CO
e osSe = -E
o= I A
= )
Area minimunn = 4~2086 A{__zwsli'?l
SnBG e T‘Zg
= %~
3/,

= .’LE uniks sq/uareol (A-l)

Difficulty: 11% of students answered this question correctly
Average Score: 0.6 out of 3
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