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The diagram below shows a triangle with vertices O, 4 and B. Let O be the origin, with vectors QA4 = a and

H
OB=b.

a.  Find the following vectors in terms of @ and b.

-—>
i. MA, where M is the midpoint of the line segment O4

iii. AQ, where Q is the midpoint of the line segment A4B.

(U

1+ 1+1=3marks

L b.  Let Nbe the midpoint of the line segment OB. Use a vector method to prove that the quadrilateral A/NOA
is a parallelogram.

5 =52 $30A [0 54 42) (fen pot (o]
é

H%N‘ MA = N& ) Tl\oré'{f:f’ ({\Aadh’a%hal MN aﬂ 15 O P“"l”e,aj'ﬁ"“,
: [Pwa"“ (nr.b{ gqvol n lp{\‘?{'k) ’

Now consider the particular triangle O4B with OA4 = 3i+2j+ \/315 and 52’ =« i where o, which is greater

than zero, is chosen so that triangle OAB is isosceles, with ’()Bl = '(_)Al.

c. ( l "‘”'h)

Show that o= 4.

K] = W08 1= /3 12 +(3)° = /b -4
Lf (n) r€(’)
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d. i. Find ()Q V\hUt. Q is the mldpomt of the line segment AB.
G0 - T +AQ = Oh * v
=4 thhtili-4-BY)
7 f
=zt r5h
3 ' — :
ii. Uscavcctolj method to show that OQ is perpendicular to AB. [7) . },S\ :
o = -L-Bh Jo =3ty thh
W+ 00 = \03)+ () +(-6)(§)

= 3-2-3 =0
Hence  sinre 5 #0 oed Q0 ), ad 75 00 0
- 0& ;LAB (; req.)

(s mar"‘&)

let w =247, 4k

= h-2)-h

Expess @ as the suw 0»[ fwg vortor resolutes

o h angl the other

of whth s parpenthruler  to b

 the para\\d vootte  resplutt Gaol the [JPerthh“' voctor rosolufe.

5 o= tuy *eay (R 2,
b _ | Sx2 ’lx’1-| T v
R ST
i ?(11'22‘}5) fw"‘”'l rP;o|vf0)
Bay S0 8y T Lty th - (3075 -5
N ’%J + 1::@ + %B (P"fml\dwulor rﬁw[,fg)
con =gl - R+ T4t 2n)

{W‘"V test DM;» i fxaw p](’

v 5 N
b. A point. C.on vector AR s closest to 0. Find the coordmates of point €

(& 10) O

Three points. . B an

—y
Find the vector A8 expressed mn the form x1+ i+ k

d 0. are given by L1(2.1.2). B(2.2.0) and 0(0.0.0)

me of whith s para“fl
'J.M'h'(7 ((P.r"

Worked solution
.

¢ Ms\

Worked solution

=
OA=2i+j+2k

>
0B=2i+2j

- > o
AB=08 -0A

=2i+2j 2+ 1+2k)
=%

Mark allocation

o 1 mark for the correct answer.

L

- Y
HOAB T

; — £
LetCh AB where OC is perpendi

TR
OC=0A +AC

=zg+j+z|£+—3-j-§k i

Feian s

4 =2i+§-j+£k
TROEIEb R

Tl s G cre st
| 5’5 |
slike {

1 mark i T 5
SR T
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In the complex plane, C is the circle with equation |z + 5 —i| = 2. (1 orh

a.  Show that the cartesian equation of C is given by (x + SY+(y-1)=2.

| a {z+5-il = J2 where z=x+yi N
x45+(=Dil =2

e

In the complex plane, point B has coordinates (—4, 2).

T

c. Verify that point B lies on L and also lies on C.

¢ Point B has coordinates (—4, 2).

Substiting

-

-4 into y=~x=-2,x<0 gives y="2 and subsliluting x = — dy=21
N R s N gl ¥y nd substiluting x 4 and y into ! —
{x+5) +(y=1) wcobain (-4 +5) +(2-1) =2." Al

Hence point B lics on L and also lies on C.

d. Hence, or otherwise, show that L touches C. P} M ’h)\\
d. Method I o '

Ao o, d o0 _d

dx((" +5))+ PGl 1y )=Ir(2)

2x+5)+2(y— 1)‘—1"-' =0
dx

At(=4, 2), the gradient of both C and L is 1. So L touches C.

Use alternatively Method 2: L

The gradicnt of the line (radius) joining (=5, 1) and (4, 2)is m = —2=L_ =]

T

L has a gradientof -1,
The product of the two gradients is 1.

Hence the radius is perpendicular to L and thercfore is a tangent. So L touches C.

Al

Al

Al

Al
Al

g e el o

Squaring both sidcs we obtain @+ + -1 Al
—— In the complex plane, L is the half-line with equation Arg(z +2i) = L .
) 4
(L ety
b.  Show that the cartesian equation of L is given by y =—x—2,x<0.
b.  Method 1t
Arg(z) = 371 is the half-linc cmanating from O, but not including O. which makes an angle of
3% with the positive Re(z) direction.
This half-line has a cariesian equation given by y =-x. Al
Arg(z+2i) = 3{ i the hal-line of Arg(z) = %" translaied —2 units in the Im(2) dircction.
Hence L has a cartesian equation given by y=—x—=2,x<0. Al
Use alternatively Method 2:
Letz=x+yi
A So z+2i=x+(y+2)i.
3m) _y+2 oo 5oandx
mn(4)_ . ,y>=2and x<0. Al
As mn(?f-[) =1, wec obtain 2 =-],x<0.
4 x
—— Hence L has a cartesian cquation given by -2,x<0. Al

. 9 a1 e [or B -1 4 N
answer in the form 7 — tan ( I[—/) where p and ¢ are positive integers.

I'he complex number i lies on C and is such that Arg(ue + 27) has its maximum value

\‘7 MFJ’LS‘

& Find i in exact cartesian form and find the exact maximum value of Arg(u + 2i), expressing your

I

Method 1:

Let the cartesian equation of the movable half-linebe y =mx-2,x<0.
Letu=x+yi.

y=mx=2 ino (x4 5) + (y= 1) =2 gives (@ + 1+ (10— 6m)x+34=2.

3m=5%4-23m" =30m-7 M1

Solving (m* + 1)x* + (10 = 6m)x + 34 =2 for x gives x=

w1
Solving —23m> —30m—=7=0 form gives m=~1 or = —%. Rejectm=—1. Al
23
NPl 2 o 02 o e 6
Solving (x+3)" +(y—1)" =2 and y= —2 forxand y gives x=-75 ‘md)-—]—?, Ml Al
2
chccu=-?—';—36—7iandsou+2i=—?—‘7‘+%i. Al
92,28) _ - l)
Arg(—ﬁ+ 7 =7 -1an ( 3 Al
Usc aliernatively Method 2:
Let the canesian equation of the movable half-line be v =ny -2, ¥ < 0.
Letu=x+yi.
Substituting y = iy -2 into (v +5)" + (¥~ 1) =2 gives (o + Da + (10=6m)x +32=0.
A=(10-6m)P—dx32x (n’ +1) Mi
Solving (10-—6m)1 =4 x32x (m: + 1) =0 (or equivalent) for mt gives nt =-1orm= —3—3. Al
Reject m=—1.
: 2 2 . 92 6
Solving (v+5)" +(y-1)" =2 and y= 2 forxand v gives x =3 and y=-5 MI Al
2 2
chccu:—%v%iundsou+2i=—?—;+;—§h Al
Al




a. In the triangle OAB, P and O are the midpoints of O4 and OB respectively and G
e is a point inside the triangle. The vectors PG and QG are perpendicular to the
. — P r ol
sides 04 and OB respectively. Let OA=g , OB=)h and OG=g. (f} l
k- o & 4
B
| —
| A — - o
@
N
4 A
| I~ 0 P
T e T o ~
i Express PG and QG interms of ¢ , b and gand hence show that -
1 p 1p
| IS g.r_/:5|q and g.é=zl_) .
3 marks
( PG =P0O+0G 0G=00+0C .. . . . )
\ ) Sinc P is the midpoint of O4. Since © i the midpoint of OB ii. Let R be the midpoint of 4B, show that RG is perpendicular to AB. (*4 Y hy
= = o ) \
——EU.-J-&(J(; =—5(1B+UG S
gl 1 [ RG=RA+AP+PG
& =8m5e =8-5h Al e
- . 2 ——— =—Bd+ AP+ PG Since R is the midpoint of AB 1% § —
Since PG s perpendicularto OA.  PG.OA=0 2
' 1 1 |
(2%1 a=0 *g(a-l_’)~54+(g-51)
7/ P — i T
1 =g—=(a+h
L g a+ Al
ga-zag=0 Ml g3lert)
g,,=l|a, . Consider RG.4B= g—é(a*b)) (b-a) I
=514 2
Similarly since OG is perpendicular to OF . 0G.0B=0 =& /2*%(."”2)-(/2“1)‘2{_’
— \ o &h=3 g
(5_5[3,} £=0 =g»é~%(q'z+élz—q~e—é a)-ga fromi. Al
1 2
b=—bh=0 Lo b e 1)
gb-shb Al e =51t -3lef +3lef -5laf =0 N
2_@:%'@!: so thercfore RG is perpendicular to 4B Al
rh I ( ~ N - N
ICRR N LI 1

E— Question 2 (3 marks)
Let a=3i-2)+mk and b=2i- j+3k, where m € R.

Find the value(s) of m such that the magnitude of the vector resolute of a parallel to b is equal to J14.

_ Scolar resolwe Ofg-,onbk,
0§
a-b

1Bl

E.= o
e

o=

If' T+3w = 14
- 3 =6

—>» M =

[ tim

:

-—p |MM
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One root of a quadratic equation with real coefficients is B+i

a. i Write down the other root of the quadratic equation. 1 mark

B

ii. Hence determine the quadratic equation. writing it in the form 2+ bz+c=0. 2 marks

(2- (B (z-(5-1=0
-7 it 70

-1 2 +4 =0

b. Plot and label the roots of z* — 24322 +4z=0 on the Argand diagram below. 3 marks

Im(z)

4

-~

Find the eguation of the line that is the perpendicular bisector of the line segment joining the

origin and the point V3+i. Express your answer in the form y = mx +c. ' 2 marks

Wi gt {.% %‘I (.md.w(m«,ym), A

Lz (rediert o pormel = -h
4 ] -
y-1-° -ﬁ(‘l“ﬁ/z) —7‘[:1 : 'BITEJ
v )
d.  The three roots plotted in part b. lic on a circle. /7

3 marks

Find the equation of this circle, expressing it in the form Iz —oz] = . where o, f € R.

Gub 2 =3 t0 (3+1-d] =p

Jh-ar = p (0

Sb 2= 01t0, l’¢-] p

IN

a

Solve ) e~d @ d=7,r Pz
simultmeonsly |
]

) st o ot of pe mypin Stpament  bomsed by bee line

Re[!l:f}: antl the  qojor  aC of the Cinle 9(‘4,\? fz) =2,

Exten Buebign *2 awh)
hreaz X 2}x(5_;! ,S.A(S-;-,)) N3, mejor, aut
; mings ot

= (2t ) wits® lse 02 wer oY

“1eed O speuahwly)
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| ‘ . Sketch L and the graph of the relation == =4 on the Argand diagram below.
z + P -——l

In the complex plane. L is the line given by 'z +1 [ =
| —

[ 7 ~erhy

A Show that the cartesian equation of Z is given by

. __71— 2mgebis =
— iyl = xeyigd- ﬁ |
| - l""“‘j"’ l'lfz-t(] f)]l -
/(w) Yt =/l (-G
—_— . 1 Tk
2t tlty P b ¢ § <y? -fy 1'3;
— ' -1 = r
Y_-'lf-u =g =~ w1 ]
X =—"vy7? . - CllonRvwn)
oW L
2 ageohy
| - - b.  Find the pmm(s) of intersection of L and the ¢ graph of the rela(um I =4 in cartesian form. -
latyi Ja-yi]z 4 = & '¢y >4 -0
o - =
i e LY 8
1
_— S“b @ ato @4 x t [ l/‘? l’ € f T The part of the line L in the fourth quadrant can be expressed in the form Arg(z) = v.
| ,
131( i g -7 11 } 4. State the value of . T Lo

r= /3 %="%
Wnea a=‘ﬁ,y7’- When I?Ji_u/ = =

: -1)
| ol ( J; U \ )_"7 ( 6:& - €. Find the area enclosed by L and the graphs of the relations == T=4, Arg(z )——— and

NiB, Argitr 1~ Covphmetes  nok onphty fgrm athl  Re1=5 L el

Area ~ 50 ()" - T30 [5-5(3)]]
=g - (% - 4
JS) u«d‘i

-

E Il The $1 oW hae | (en be gy n Hnt fpem 23 hé, where h €L,

B Fod hoin A6 fen ras(f), wheme 9 4 thy p- pel vogumtnt o k{2 muchy)
= gtyi = h(xoyi)

B R AT - A

— h 2y S AR LN R TR U

| .
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«estion 2 (13 marks)
Consider the complex number z; = 3 =3i.

a. i Expressz, in polar form.

12,0z Sla)e-3" = 2R

] T 7 =576 3 ~>A»;,(;)—-"

[2 Zﬁ Cfa (
il. Find Arg(zl )- 1- 7 Y 1 matk
N R o
iii. Given that z =f 3—3i ig one root of the equation P +24J§ =0, find the other two
roots, expressing your answers in cartesian form. 2 marks
Pla] = 2} 12455 = (2 -3 -3z (S sl (- o)
<((-A"$3) 2 -a) : [2*-252 ¢lde-o]
E‘,M\‘\J CN#I‘C!CAH Qﬁf v'nd -2 q z "2|/-'S
Uthem two rrobe , |2 T /R E 3, —E
b. i Find the value of (z +2i)(Z —2i), where z; =+/3 =3i 1 mark
il. Show that the relation (z+2i)(Z -2i)=4 caﬁbcexpmssed in cartesian form as
* +(y*2) 4. 2 marks
(‘Hw,.f‘l i) (1-yi-2i] = 4 (xf(,rZ) )(:-(,72}1/ 4
~lyt2)tit=4
|7 ywt-4]
fil. Sketch {z:(z+ 2i)(Z - 2i) =4} on the axes below. 2 marks
ImG)
A
6 A
7
2
; (001 N
6 4 2470 TN? 4 g T e
N Ve Y
[}l"n -2 1 ‘/ll“’
10'."1|
{of ~ Djew))
S
¢.  The linc joining the points corresponding t0 & — 2i and —{2 + % }i, where & <0, is tangent to
the curve en by {z:(z+ 2i)(Z - 2i)=4}.
Find the value of’ 3 marks
|m¢_ ASS|
@% OF hae Jownﬁ ﬁ. _:5
k—24. and = (2+k)L ‘j—- , =MQ:_->c,
@ wp on uchorv e S-lz)z “1(xe~k)
lnhmedwv uf.+he.ln¢.amdm - Yy = e+k-D —Q
Alse, x*+Hy+2Dd* =4 —@
® deg,Mquvd:we,For &&bfvjﬁb’w@m@:———
only ene. soluhB poink (tongent) @ = K+ (Cx+ k22D =4
- X +@E-R* = +
So #he. +wo poits o Qg-z.%omd (0, ~@+K) | = x+x"-2ke +ki=4
Mo = —2—( - ?-a.‘-b-k)x*-k -4 =0
- A= -2k -4-«1-% -4 =0
—  4k* - 8(k*-4
= :ls_ _ -7 k‘+3>-=
K - k=g — 2z | (k<o)
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