AP Calculus Particle Motion Worksheet

Show all work on your own paper!
For #1—5: A particle moves along a line such that its position is s(t) = 2t> — 9t + 12t — 4, for t > 0.

1) Find all t for which the distance s is increasing.
2) Find all t for which the velocity is increasing.
3) Find all t for which the speed of the particle is increasing.

4) Find the speed when t = %

5) Find the total distance traveled on the time interval [0, 4].



AP Calculus Particle Motion Worksheet

For #6—10: A particle moves along a line such that its position is s(t) = t* — 4t%,

6) Find all t for which the distance s is increasing.
7) Find all t for which the velocity is increasing.
8) Find all t for which the speed of the particle is increasing.

9) Find the speed whent = g
10) Find the total distance traveled on the time interval [0, 4].



AP Calculus Particle Motion Worksheet

For #11 —14: The position of a particle moving along a straight line is given by s = t* — 6t* + 12t — 8.

11) The position of the particle is increasing for

At <2 éalltexcepttzz C) 1<t<3 D) t<lort>3 E)t>2
12) The minimum value of the speed is

A) 1 B) 2 C) 3 @ 0 E) none of these
13) The acceleration is positive for

t>2 B) alltexceptt=2 C)t<?2 D) t<lort>2 E) none of these

14) The speed of the particle is decreasing for

A t>2 B) t<3 C) allt D) t<lort>2 @noneofthese



AP Calculus Particle Motion Worksheet

For #15—17: A particle moves along a horizontal line, and its position at time tis s = t* — 6t> + 12t* + 3.

15) The particle is at rest when t is equal to
A) lor?2 0 C) 9/4 D) 0,2,0r3 E) none of these
16) The velocity, v, is increasing when
A) t>1 B) 1<t<2 C)t<2 O©)t<tlort>2 E) t>0
17) The speed of the particle is increasing for
OA)0<t<1ort>2 B) 1<t<?2 C) t<2 D) t<Oort>2 E) t<O



AP Calculus Particle Motion Worksheet

For #18 — 22, use the graph, which showsthe velocity of an object moving along a straight line during the
timeinterval 0<t<5.

18) The object attains its maximum speed when t = ? °

19) For what time interval(s) is the speed of the object increasing? ) ’ __ .

20) The acceleration of the object is positive during what time AT T
interval? s AR R

21) For how many times on the interval (0, 5) is the object’s 104 v
acceleration undefined?

22) During the interval (2, 3), what is the object’s acceleration (in
ft/sec®)?




AP Calculus Particle Motion Worksheet

Show all work on your own paper!
For #1—5: A particle moves along a line such that its position is s(t) = 2t* — 9t* + 12t — 4, for t > 0.

1) Find all t for which the distance s is increasing.
2) Find all t for which the velocity is increasing.
3) Find all t for which the speed of the particle is increasing.

4) Find the speed when t = %

5) Find the total distance traveled on the time interval [0, 4].

First find the key functions:
s(t) =2t3-9t? + 12t- 4
s'(t) = 6t% —18t + 12
|s'(t)| = |6t% — 18t + 12|
s"(t) =12t — 18

Position function
Velocity function
Speed function

Acceleration function

Next, find the function’s critical values, inflection points, and maybe a couple mor e points.

s(t) =2t3-9t% + 12t- 4 s(0) = —4

s'(t) =6(t—1)(t—2) s'(t) =0 = Critical Values of t are: t = {1, 2}
Critical Points are: {(1,1),(2,0)}

s"(t) = 6(2t —3) s""(t) =0 = Inflection Pointat: t = 1.5

s(t) =2t3-9¢t? + 12t- 4 s(3) =5, just to get another point to plot

Then, build an Ault Table with intervals separated by the key values
Key values of t that define the intervals in the table are t = {1, 1.5, 2}

Note: Identify the signs (i.e., “+, “—“) first. The word descriptors are based on the signs.

s(t) =2t3 - 9t + 12t- 4
(0,1) (1,1.5) (1.5,2) (2, )
s(t) increasing decreasing decreasing increasing
s'(t) + — — +
and is: decreasing decreasing increasing increasing
s (t) — — + +
so s(t) is: concave down concave down concave up concave up
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AP Calculus Particle Motion Worksheet

Finally, graph the function (and itsfirst derivative).

Solutions:

1) From the graph, s is increasing to the left of the
maximum and to the right of the minimum:

te{(0,1)U(2,»)}

2) Velocity increases where s'(t) increases (i.e., s’ (t) > 0),
which is to the right of the inflection point:
t>1.5
3) Speed and velocity are the same when velocity is positive.

When velocity is negative, speed is velocity reflected over
the t-axis (see the orange curve in the graph).

In general, speed = |velocity|, so speed increases where

|s’(t)| increases, which includes part of the orange
portion of the graph at right:

te{(1,1.5)U (2, )}

A note about velocity: It is increasing when the signs of
s'(t) and s"'(t) are the same. It is decreasing when the
signs of s'(t) and s"'(t) are different.

s(t) position
s'(t) velocity
|s'(t}\ speed

Compare the results above for t with the intervals in the i
Ault table on the previous page where the signs of s'(t)

s"'(t) acceleration

and s"'(t) are the same.
4) |s’ G)| = |6 (2)2 —18 G) + 12‘ = 1.5 units/sec

5) To find the overall distance:
e Break the overall interval into sub-intervals where the function is increasing and decreasing.
e Find the distance covered over each subinterval

e Add to get the total distance traveled.
Is(1) = s(0)] + [s(2) — s(D)| + [s(4) — s(2)]
=[1—-(—4)|+10—-1|+128 -0

=541+ 28 = 34 units
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AP Calculus

Particle Motion Worksheet

For #6—10: A particle moves along a line such that its position is s(t) = t* — 4t%,

6) Find all t for which the distance s is increasing.
7) Find all t for which the velocity is increasing.

8) Find all t for which the speed of the particle is increasing.

9) Find the speed whent = %

10) Find the total distance traveled on the time interval [0, 4].

First find the key functions:
s(t) = t* - 4¢3
s'(t) = 4t3 — 12t?
|s"(0)| = |4t3 — 12t?]
s"(t) = 12t? — 24t

Position function

Velocity function

Speed function

Acceleration function

Next, find the function’scritical values, inflection points, and maybe a couple more points.

s(t) = t* - 4¢3

s'(t) = 4t%(t — 3)

s"(t) = 12t(t — 2)

s(t) = t* - 4¢3

s(0)=0

s'(t) =0 = Critical Values of t are: t = {0, 3}

Critical Points are: {(0,0),(3,—27)}

s"(t) =0 = Inflection Points at: t = {0, 2}

s(4) = 0, just to get another point to plot

Then, build an Ault Table with intervals separ ated by the key values

Key values of t that define the intervals in the table are t = {0, 2, 3}

Note: Identify the signs (i.e., “+, “—“) first. The word descriptors are based on the signs.

s(t) = t* - 4¢3

0,2) (2,3) (3, )
s(t) decreasing decreasing increasing
s'(t) — — +
and is: decreasing increasing increasing
s (t) — + +
so s(t) is: concave down concave up concave up
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AP Calculus

Particle Motion Worksheet

Finally, graph the function (and itsfirst derivative).

Solutions:

6)

7)

8)

From the graph, s is increasing to the right of the
minimum:

t>3

Velocity increases where s'(t) increases (i.e., s” (t) > 0),
which is to the right of the inflection point:

t>2

Speed and velocity are the same when velocity is positive.
When velocity is negative, speed is velocity reflected over
the t-axis (see the orange curve in the graph).

In general, speed = |velocity|, so speed increases where
|s’(t)| increases, which includes part of the orange portion
of the graph at right:

tE{(O,Z)U(B,oo)}

Same note about velocity: It is increasing when the signs of
s'(t) and s"'(t) are the same. It is decreasing when the
signs of s'(t) and s"'(t) are different.

Compare the results above for t with the intervals in the
Ault table on the previous page where the signs of s'(t)
and s"'(t) are the same.

9) |s’ G)| = |4 (2)3 - 12 (3)2’ = 13.5 units/sec

10) To find the overall distance:
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e Break the overall interval into sub-intervals where the function is increasing and decreasing.

e Find the distance covered over each subinterval.

e Add to get the total distance traveled.
Is(3) = s(0)] + |s(4) —s(3)I
=|-27—-0]+ 10— (—=27)]|

=27 + 27 = 54 units

Page 4 of 10



AP Calculus Particle Motion Worksheet

For #11 —14: The position of a particle moving along a straight line is given by s = t* — 6t* + 12t — 8.

11) The position of théarticle is increasing for

At <2 alltexceptt=2 C) 1<t<3 D) t<lort>3 E)t>2
12) The minimum value of the speed is
A) 1 B) 2 C) 3 @ 0 E) none of these
13) The acceleration is positive for
t>2 B) alltexceptt=2 C)t<2 D) t<lort>2 E) none of these
14) The speed of the particle is decreasing for
A t>2 B) t<3 C) allt D) t<lort>2 @noneofthese

First find the key functions:

s(t) =t3- 6t% + 12t- 8 Position function
s'(t) =3t — 12t + 12 Velocity function
[s'(t)| = |3t? — 12t + 12| Speed function

s"(t) =6t—12 Acceleration function

Next, find the function’s critical values, inflection points, and maybe a couple mor e points.

s(t)=t3-6t2 + 12t- 8 s(0) = -8

s'(t) = 3(t —2)2 s'(t) =0 = Critical Valueof tis: t = 2
Critical Pointis: (2,0)

s"(t) =6(t—2) s"(t) =0 = Inflection Pointat: t =2

s(t)=t3-6t2 + 12t- 8 s(3) = 1, just to get another point to plot

Then, build an Ault Table with intervals separ ated by the key values
Key value of t that defines the intervals in the tableis t = 2

Note: Identify the signs (i.e., “+, “—“) first. The word descriptors are based on the signs.

s(t)=t3- 6t> + 12t- 8
0,2) (2, )
s(t) increasing increasing
s'(t) + +
and is: decreasing increasing
s (t) — +
sos(t)is: concave down concave up
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AP Calculus

Particle Motion Worksheet

Finally, graph the function (and itsfirst derivative).

Solutions:
11) From the graph, s is increasing to the left and right of the
inflection point:

t+2 Answer B
12) Speed and velocity are the same when velocity is positive.
So, for this function, they are the same at all points.

Therefore, the minimum value of the speed is the minimum
value of the velocity. This occurs at a critical value of s (t),
which is the inflection point:

At t = 2, speed = 0 units per second
Answer D
13) Acceleration is the second derivative of s, i.e., s"'(t), which
is positive to the right of the inflection point:
t>2 Answer A
14) For this function, speed and velocity are the same, so speed

is decreasing when velocity is decreasing. This occurs to the
left of the inflection point:

t<2 Answer E
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AP Calculus Particle Motion Worksheet

For #15—17: A particle moves along a horizontal line, and its position at time tis s = t* — 6t> + 12t* + 3.

15) The particle is at rest when t is equal to

A) lor?2 0 C) 9/4 D) 0,2,0r3 E) none of these
16) The velocity, v, is increasing when

A) t>1 B) 1<t<2 C) t<2 O©)t<tlort>2 E) t>0
17) The speed of the particle is increasing for

@o<t<lort>2 B) 1<t<2 C) t<2 D) t<Oort>2 E) t<0
First find the key functions:
s(t) =t* — 6t3 + 12t2+3 Position function
s'(t) = 4t3 — 18t? + 24t Velocity function
|s'(t)| = |4t3 — 18t2 + 24¢| Speed function
s"(t) = 12t? — 36t + 24 Acceleration function

Next, find the function’s critical values, inflection points, and maybe a couple more points.

s(t) =t* — 6t3 + 12t2+3 s(0) =3

s'(t) = 2t(2t2 — 9t + 12) s'(t) =0 = Critical Value of tis: t = {0}
Critical Point is: {(0,3)}

s"(t) =12(t—1)(t - 2) s"(t) =0 = Inflection Points at: t = {1, 2}

s(t)=t* — 6t3 + 12t2 +3 s(3) = 30, just to get another point to plot

Then, build an Ault Table with intervals separ ated by the key values
Key values of t that define the intervals in the table are t = {1, 1.5, 2}

Note: Identify the signs (i.e., “+, “—*) first. The word descriptors are based on the signs.

s(t)=t* — 6t3 + 12t +3
0,1) (1,2) (2,0)
s(t) increasing increasing increasing
s'(t) + - +
and is: increasing decreasing increasing
s"(t) + - +
5o s(t) is: concave up concave down concave up
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AP Calculus Particle Motion Worksheet

Finally, graph the function (and itsfirst derivative).
Solutions:
15) A particle is at rest when its velocity is zero. s'(t) = 2t(2t? — 9t + 12) = 0 at:
t=0 Answer B

16) Velocity increases where s''(t) > 0, which is outside of the two inflection points:
te{(0,1)U(2,:)} Answer D
17) Speed and velocity are the same when velocity is positive. So, for this function, they
are the same at all points.
The solution set, then, is the same as it was for Problem 16:

te{(0,1)U(2,)} Answer A

1
b
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Rt s(t) _position
1 s'(t) velocity
ek s'(t)| speed
Tl

s"'(t) acceleration
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AP Calculus Particle Motion Worksheet

For #18 — 22, use the graph, which showsthe velocity of an object moving along a straight line during the
timeinterval 0<t<5.

AN

10T

18) The object attains its maximum speed whent = ?
19) For what time interval(s) is the speed of the object increasing? ) TN .
20) The acceleration of the object is positive during what time § K.
interval? s+ A/ :
21) For how many times on the interval (0, 5) is the object’s SU
acceleration undefined? 4
22) During the interval (2, 3), what is the object’s acceleration (in
ft/sec®)?

The graph below shows the velocity function (dashed green lines in the graph below), which we must
remember is the first derivative of the position function. It helps to draw the speed function (dashed
orange lines) and the acceleration function (dotted blue lines) on the graph.

Solutions:

18) Note that speed is the absolute value of velocity. The maximum speed is easily read off of the
graph:

t = 2 (maximum speed = 10)

19) Speed and velocity are the 154
same when velocity is ]
positive. When velocity is ]
negative, speed is velocity
reflected over the t-axis
(see the orange curve in
the graph).

....%....
I
A
-~
\
]

Speed is seen on the graph
to be increasing (orange)

from 1.333 to 2 and again -5
(green) from 3 to 6: 1

t €{(1.333,2) U (3,5)}

\ / s'(t) velocity
‘5'[t)| speed

s"(t) acceleration
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AP Calculus Particle Motion Worksheet

20) Acceleration is the set of (open) dotted blue line segments on the graph. They are positive to the
right of x = 2, with the possible exception of t = 3, where acceleration is undefined, which would
make the solution to this problem:

te{(2,3)U@3,5}

However, read on. About that pointt = 3 ... notice the following:
lim s"(¢) =10>0
t—37

tlian+ s"(t)=25>0

Although the limit is 5]
undefined because it is
different from the left
and the right, it is
greater than zero from

both sides. Therefore, 5{ - — / \ _e

we want to conclude \
tha'F écceleratlon is . : o ¥ e il : | : | : |
positive at t = 3, which
would make the

solution to this -5
problem: ]

te{(2,5} ~10

\ 7/ s'(t) |velocity
‘s'(t}‘ speed

Which of the solutions .
above is correct .
depends on a very .
technical point about -20-
when acceleration > 0.
| have to admit that | do not know which of these two answers is correct. When | find out, | will
replace this explanation with one that contains the final correct answer.

s"(t) acceleration
Oresssssrrans O

21) Acceleration is undefined at each of the locations where the green line makes abrupt
turns. This happens three (3) times on the open interval (0,5), at x = {1, 2, 3}.

22) The function’s acceleration in the interval (2, 3) can be read off the graph as acc = 10 ft/sec’.
But how is this value calculated? It is simply the slope of the velocity curve in the interval:

_s'®)-s'() _ 0-(-10) _ 10 Remember that the curve
3-2 1 shown in green, the velocity
curve, is the derivative of the

position curve, i.e., itis s'(t).

acc
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