UNIT 3 MATHEMATICAL METHODS

TRIGONOMETRY
EXECUTIVE SUMMARY & EXAM QUESTIONS



TRIGONOMETRY - REVISION QUESTIONS
TRANSFORMATIONS

Reflection in the
Y axis (when n is -ve) Moves curve  <«—»

Let angle = 0 and solve for X.

Answer gives you new starting point of
curve. i.e. horizontal translation

0 axis
\ / (Translation parallel to @ axis)

y= — atrlg
\ Moves curve I

Translation parallel to Y axis

Reflection in the

Amplitude or dilation of factor
|a| from the @ axis

Dilation of factor |—| from the Y axis

n
The value of n affects the period.

For example: f(x)=1—4cos(2x+%j from g(Xx) =cosx.

o 1 . .
Dilation of factor E from the Y axis (or parallel to the X axis).

. Dilation of factor 4 from the X axis (or parallel to the Y axis).

) Reflection in the X axis.

. Translation of 2 units in the negative direction along the X axis.

. Translation of 1 units in the positive direction along the Y axis.
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QUESTION 1 - EXAM 1
State the transformations required to sketch the graph of f(x) from g(x) .

(@) f(x):3cos£2x+%j, g(Xx) = cosX.

Dilation from the Y axis

Yes No

Factor:

Dilation from the X axis

Yes No

Factor:

Reflection in the Y axis:

Yes No

Reflection in the X axis:

Yes No

Translation parallel to the X axis
Yes No

Number of Units:

+ve direction -ve direction

Translation parallel to the Y axis
Yes No

Number of Units:

+ve direction -ve direction
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(b) f(x)=1-3sin(2x-9), g(x)=snx.

Dilation from the Y axis

Yes No

Factor:

Dilation from the X axis

Yes No

Factor:

Reflection in the Y axis:

Yes No

Reflection in the X axis:

Yes No

Translation parallel to the X axis
Yes No

Number of Units:

+ve direction -ve direction

Translation parallel to the Y axis
Yes No

Number of Units:

+ve direction -ve direction

© f(x)= 2tan(%—§]—5, g(x) = tan x.

Dilation from the Y axis

Yes No

Factor:

Dilation from the X axis

Yes No

Factor:

Reflection in the Y axis:

Yes No

Reflection in the X axis:

Yes No

Translation parallel to the X axis
Yes No

Number of Units:

+ve direction -ve direction

Translation parallel to the Y axis
Yes No

Number of Units:

+ve direction -ve direction
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QUESTION 2 — EXAM 2
The function f (x) is dilated by a factor of 2 from the X axis, and by a factor of 3 from the Y

axis, and translated 4 units horizontally in a positive direction from the Y axis and 2 units in a
negative direction from the X axis. If f(x)=cos(x) then the transformed function g(x)
would be:

A 2cos3(x+4)-2
B  3co0s0.5(x+4)-2

C 2cos[%(x+ 4))— 2

D Zcos(X;A'j -2
3
E  3cos2(x-4)+2

Solution

© TSFX: Freebie Friday 2023 Unit 3 Maths Methods — Trigonometry (Graphing & Solving) Page 4



SKETCHING TRIGONOMETRIC FUNCTIONS BY
CONSIDERING TRANSFORMATIONS

Step 1:  Sketch the base curve i.e. y=asing, y=acosé or y=atané.

Step 2:  Take into account any reflections in the @ or Y axes.

If the sign directly in front of & is negative, reflect the graph in the Y axis.
If the sign directly in front of a is negative, reflect the graph in the @ axis.

Step 3:  Calculate the distance between each key point (the quadrant boundaries) by
dividing the period by 4.

The key points on the sine and cosine functions are the € values (the angles)

that correspond to the maximum, minimum, and the points that lie on the
horizontal midline.

Note that the midline is the horizontal line that passes exactly in the middle
between the graph's maximum and minimum points.
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Step 4:  Identify the horizontal translation and sketch the graph of y = atrig n(6—-¢€) .
Let (¢—€) =0 and solve for e :

If € >0, translate the curve € units to the right.
If € <0, translate the curve € units to the left.

If the horizontal translation and period are fractions with different denominators,
express both fractions with the same denominators before you attempt to sketch
the graph.

Step 5:  Identify the vertical translation and sketch the graph of y=atrig n(6—<)+k.

If k>0, translate the curve K units upwards.
If k<0, translate the curve K units downwards.

The order of transformations is critical:

Dilate/Reflect and then Translate (DRT or RDT).
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QUESTION 3 - EXAM 1

Sketch y = 2c05(x+%} across xe [0, 27] showing all transformations.

Solution
Amplitude: 2
. 27
Period: T =2
. . Period 27 =«
Distance between points: =—=_
4 2
Reflections: Nil
, T
Translations: E «—
y
4
2 Graph 3 Graph 2
Graph 1
0 =
-7 0.5 0. 0 Sm 21 2.5
-2
-4

Graph 1: Draw Yy = cos(X) .

Graph 2: Draw y = 2cos(x) i.e. Stretch curve along Y axis (multiply each value of Y by 2).

T . . T
Graph 3: Draw y = 2005(x+5j i.e. Move entire curve > units to the left.
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QUESTION 4 — EXAM 1
Sketch the following graphs showing transformations. In each case, show one complete
cycle.

__ z
@ y= 2cos{2x+ 2)
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(b) y=5-2s8n3x
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: /4
(© y_BSmZ(x—EJ
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(d) y=4sn(r+3x)-1
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V4
e y= 2tan(x+5j
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) y=-tan(2x—7)-3
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QUESTION 5 -EXAM 1

Sketch f(x)=3sin Z[X—%j +2 for 0< x < 27 showing all transformations required to

obtain the graph of f(x) from g(x)=sinx.

Solution
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SKETCHING TRIGONOMETRIC FUNCTIONS

QUESTION 6 — EXAM 1
Sketch the graphs of the following functions showing one complete cycle.

(@ y=-4sinx+2

Amplitude:
Midline (Vertical Shift):
Maximum:

Minimum:

Period:

Horizontal Shift:

. ) Peri
Distance Between Points ( il Odj :
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(b) f(x) :%cosz(x+%j

Amplitude:
Midline (Vertical Shift):
Maximum:

Minimum:

Period:

Horizontal Shift:

Distance Between Points [Penod} :
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__ i
© f(x= tanz[x ZJ

Amplitude:
Midline (Vertical Shift):
Maximum:

Minimum:

Period:

Horizontal Shift:

. ) Peri
Distance Between Points ( il Odj :
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QUESTION 7 — EXAM 1
Sketch one complete cycle of the following functions.

. /4
(@) y—35|n(2t+§j
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b) y= 5cos(4x—%j+1

© TSFX: Freebie Friday 2023 Unit 3 Maths Methods — Trigonometry (Graphing & Solving) Page 19



() y=4sin(-2x—-x)-3
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(d) y:%tan(fc—x)+7r
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DETERMINING THE EQUATION OF A
TRIGONOMETRIC FUNCTION

y=asinn(@-€)+k y=acosn(f—e)+k y=atann(f-€)+k
METHOD:
Step 1: Look carefully at the general given form and identify the possible transformations.
eg. y=asin(6—e<) indicates that there is a horizontal translation, dilation from the
6 axis and possibly a reflection (if a is negative).
Step 2: Use features of the graph such as amplitude, period etc to solve for as many
unknowns as possible.
The amplitude is equal to half the distance between the maximum and minimum
values.
ie. |a| — Yimax ~ Yimin
2
The midline is the vertical translation, K.
The horizontal translation represents the distance that the first point on the
standard curve has been shifted from the Y axis.
The period: Read the distance required to complete ONE cycle off the horizontal
axis. Alternatively, the period is W for the sine and cosine functions and H for
n n
the tangent function.
To find the equation(s) of the tangent asymptote(s), let the angle equal i% and
solve.
Step 3: Substitute the coordinates of any given (or obvious) points to identify the values of

the remaining variables.
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QUESTION 8 — EXAM 2

The equation describing the graph below is in the form y = Asin(Bt +C) . Find the values of

A B and C.
.1‘
25
-10© 30 70
—25
Solution
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QUESTION 9 — EXAM 2
Write an equation for the graph below in the form

(@) y=acosb(x+c)+d.
(b) y=asinb(x+c)+d

Solution
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QUESTION 10 - EXAM 1
The equation describing the graph below is in the form y = AcosB(x— D)+ C. Find the

equation.

Solution
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SOLVING TRIGONOMETRIC EQUATIONS

The values of important Reference Angles are given below:

T T T T
0 0 — — — —
Angle (9) 6 4 3 2
sino o V1 N2 V3 V4
2 2 2 2 2
cosO ﬂ ﬁ Q ﬁ ﬂ
2 2 2 2 2
1
tan9 0 ﬁ 1 ? Undefined
Note:

that the exact values above are known. Learn these values off by heart.

Angles at the Axes

In the first examination paper for Mathematical Methods, the Examiners will assume

sin(0)=0 cos( 0)=1 tan(0)=0
sin (%) =1 cos[%] =0 tan [%) = undefined
sin(z)=0 cos(z)=-1 tan(z)=0
S n(%ﬁj =-1 cos[%ﬂ =0 tan (%ﬂj = undefined
sin(2r)=0 cos(2r) =1 tan(27)=0
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SOLVING TRIGONOMETRIC EQUATIONS

Step 1: Write all expressions in terms of one trigonometric function.

Step 2. Transpose the given equation so that the trigopnometric expression (and the
angle) is on one side of the equation, and the constants are located on the
other side of the equation.

Step 3: Use the sign in front of the constant on the right-hand side to determine the
guadrants in which the solutions are to lie. (Use CAST)

Step 4: Calculate the first quadrant solution. If the exact value cannot be determined:

Press Inverse Sin, Cos or Tan of the number on the right-hand side of the
equation (but ignore the sign).

For example: Sin"(number on RHS of equationbut ignorethe sign)

(Ensure that the calculator is in Radian Mode).

Step 5: Solve for the variable (usually X or € ). Let the angle equal the rule describing

angles in the quadrants in which the solutions are to lie.
A

Note: First Quadrant Angle = FQA 2nd Quadrant 1st Quadrant
Rule: 7—FQA Rule FQA
Let angle = FQA if solution lies in 15t Quadrant.

Let angle = 7 — FQA if solution lies in 2" Quadrant. 3rd Quadrant 4th Quadrant

Let angle = 7 + FQA if solution lies in 3" Quadrant. Rule: 7 +FQA | Rrye 27 —FOA
. - - . ) u : -

Let angle = 27 — FQA if solution lies in 4" Quadrant. \4

Step 6: Evaluate all possible solutions by observing the given domain. This is
accomplished by adding or subtracting the PERIOD to each of the solutions,
until the angles fall outside the given domain.

s

For sine and cosine functions: Period = - -
[The number in front of thevariabld

T
[The number in front of thevariabld

For tangent functions: Period =
Always look closely at the brackets in the given domain and consider whether the
upper and lower limits can be included in your solutions.
DO NOT discard any solution until the final step.
Step 7: Eliminate solutions that do not lie across specified domain.

Note: Students may also solve trigonometric equations by rearranging the domain.
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QUESTION 11 - EXAM 1
Solve the following equations for xe[-x, 27].

(@ 3cosx+2=1

(b) sSinx++2=-sinXx
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() 4tanx—7=3tanx—6

(d) 7cosx=5cosx++/3
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QUESTION 12 — EXAM 2
Solve the following equations across [0, 2] .

3

a) sSn4=—
(@) >

(b) 2cos3x—-1=0
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QUESTION 13 - EXAM 1
Solve the following equations across [0, 2] .

@) 25in[x—%j+1:2.

. X
(b) 29n(5+§j+\/§—0.
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(c) —ZCOSZ(X—%j = \/5 .
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QUESTION 14 — EXAM 2
() Using algebra, find the solution(s) to 2003(2x+%j +4/3=0, xe [-7z, 2r].

(b) Hence find 2cos(2x+%]+ 3<0.

Solution

© TSFX: Freebie Friday 2023 Unit 3 Maths Methods — Trigonometry (Graphing & Solving) Page 33



QUESTION 15 — EXAM 1
Given that f(x):50+105in%(t—8) find f(x)=60, (0, 60).

Solution

QUESTION 16 — EXAM 2
f(x)= 2.3253in%(t —2.667)+12.155. Solve f(x)=13 for 0<t<12. State your answer

correct to 2 decimal places.

Solution
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QUESTION 17 — EXAM 2

Solve 35— 28005(%) =3.5 for 1<t < 9. State your answer correct to 2 decimal places.

Solution
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SOLUTIONS

QUESTION 1 - EXAM 1

(@) f(x)=3cos[2x+%j, g(x) =cosx.

Dilation from the Y axis

() o

Factor: i
2

Dilation from the X axis

ch

Factor: 3

Reflection in the Y axis:

Reflection in the X axis:

Translation parallel to the X axis

O

Number of Units:

+ve direction rection

Translation parallel to the Y axis

Number of Units:

+ve direction -ve direction

(b) f(x)=1-3sin(2x-9), g(x)=sinx.

Dilation from the Y axis

()

1
Factor: —
2

Dilation from the X axis

)

Factor: 3

Reflection in the Y axis:

Reflection in the X axis:

O

Translation parallel to the X axis

o)

Number of Units: 4.5

irection -ve direction

Translation parallel to the Y axis

)

Number of Units: 1

rection -ve direction
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© fx)= 2tan(%—§]—5, g(x)=tanx.

Dilation from the Y axis Dilation from the X axis
Factor: 3 Factor: 2
Reflection in the Y axis: Reflection in the X axis:

Translation i arallel to the X axis Translation parallel to the Y axis

No No

. Y4 Number of Units: 5
Number of Units: T

+ve direction irection
irection -ve direction

QUESTION 2 — EXAM 2

Answer is D

0’(‘1) d-'fok’ok b‘:{ 2 (P)fam ¥ ayr £ . Q bo.c('z_)

Bln) dilaret by T Prom {owrs 2 s (%)
N oc L - g

Honr 20ntat pronsletHon 2c 55(1 )

\Jerrmcal t+ronslation - 2 ocos —E 61—4-) - 2
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QUESTION 4 - EXAM 1

@ vy

=-2 cos(Zx + zj
2

X
_l M
-3
1. y =C0S X
2. y=2c0sX
3.  y=-2co0sx
lly
. 5 4 3 _
0 'n“ \‘|‘ / "f’ "' .‘\\‘ X
- ,.' 0 1 /'\ ?’ 4 ‘\‘\ s M
f LN N
2 N A
-3
3. y=-2co0sX
4, y=-2C0S2X
V4
5.  y=-2co0s| 2x+—
2
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(b)

y =5—2sin 3x

’
‘
N

N
i

.

- et - _—"-’
\- - .--"—" P
. . - .
< s
/ . -
-2 .~ .
lly
il - -
- ~ P e ~
” > JJ ’ \\
N
& ‘ \ y 2 \
v 4 r Ky
! v * ] \
i \ ' ’ \
J! Y ’ ’
4 \ ’ ’
\ B N s v
\ K [y ’ v v
4] Il * !
5 \
\‘ ’ N\ , AJ J‘
N ’ kY ’ - ’
~ - A - ~ ’
~ v P
2
o , Pl
v *, .
F 3 /
y " i g
7 N y 7
0 / y I i/ *
’ kY L
3 4 7
-1 9 A1 2, o 5/ &
\ F X E ) ;
\ ; i Y i
by v N s
-2 T ——e
-t H - Sem

»

y =-2sinx
y =-2sin3x
y =5-2sin3x
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r

0251 225 25m |
-z
\ /.
1. y=sinx
2. y=3sinx
3. y=3sin2x
. w
4, y=3sin2 x——
2
(d) y=d4sin(zr+3x)-1
+ry
! /_‘ -
2 o \
0 :_' ________ Y - _:x X‘
025w 0 025 \ \‘\\‘ - 225 25
,2 \
-4
1. y=sinx
2.  y=4sinx
3. y=4sin3x
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2.5m

2251

45sin 3x

—0.25n

y
y
y

4sin(z + 3x)

4sin(z +3x) -1
2tan(x+£}
2

y

(e)

S5

2.25m

-

I
i |
/

y =tanx

2tan X

y:

2tan(x+£j
2

y

3.
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(f)

y=—tan(2x-rx)-3

¥ ;
Ty | |
2 v.""
Lo 4 .
0| it "i : e : : : x‘
—0.25x -l 025 0.58 075w e S L2 L5 175 2.251 2.5
AERNERY:
T | | |
1. y =tanx
2. y =—tan X
3. y=-tan2x
4. y=—tan(2x-x)
g al\
2 ':
o ' \ | | | -
—0.251 ) 0251 057 0751 125z 150 1.75x Y 2.251 251
)0\
—4 4
4. y=—tan(2x—-r)
5. y=-tan(2x-7)-3
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QUESTION 5 - EXAM 1

Sketch f(x)=3sin Z(X—%j +2 for 0 < x <27 showing all transformations required to

obtain the graph of f(x) from g(x)=sinx.

Solution

—0.25n

2.25m

2.5

1. f(x)=sinx
f (x) =3sin x
3. f(x)=3sin2x

N

= 3si _r
4. f(x)_35|n2(x 4)

5. f(x)=3sin 2(x—%)+2
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QUESTION 6 — EXAM 1
Sketch the graphs of the following functions showing one complete cycle.

(@ y=-4sinx+2

¥

¥
—0.25m 0 Y){Sﬂ 0.5 0?/ n 1.25m L.5n 1.75m n 2.25n 2.5

0251 0.25m /J’Sn 0.75m 11 1.25x 1.5n 1.75x 2 2.251 251

© TSFX: Freebie Friday 2023 Unit 3 Maths Methods — Trigonometry (Graphing & Solving) Page 44



() f(x)=-tan Z(X—%j

Ty
B
R \
\ \
=
\ N )
—0.25n : 0 025 050 0.75n n 1.25m L.5n 1.75m n 2.25m 2 Sﬂ:
:—2 \ \
’ | |
s l l
l l
| |
QUESTION 7 - EXAM 1
(@ y=3sin (Zt +%)
lly
4
O \
2 : / \
ol \ / ,
—0.51 —0.25n 0 1.5 2.25m 2.51

© TSFX: Freebie Friday 2023

Unit 3 Maths Methods — Trigonometry (Graphing & Solving)

Page 45



®) y =500$(4X—%J+1

0 o
—0.6m 0.5 —0.dn 0. %7 =021 =01 i) 0.in 0.2m (.31 0.4n y_in 4] 0.7m 0. 81 051
- \ /
-4
() y=4sin(-2x-m)-3
a7
2
o / AN o
051 0251 0 / 0.251 \ 0.51 0.75n 1 1251 151 1751
-2
-4
-5
:
1
d vy :Etan(n— X)+ 7
) |\ 1\
\ \
5 \ \
N A
r—— T——
[ e
il X2
—051 | -0251 0 0.25n bsx 0.75n 1 1.251 ‘il 51 51 21 2251 2.5 51 3
-5
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QUESTION 8 — EXAM 2

QUESTION 9 — EXAM 2

(@) y=acosb(x+c)+d
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(b) y=asinb(x+c)+d

QUESTION 10 - EXAM 1
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QUESTION 11 - EXAM 1

(@ 3cosx+2=1

(b) sinX++/2=-sinX
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(c) 4tanx—-7=3tanx—6

(d) 7C0sX =5¢08 X ++/3
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QUESTION 12 — EXAM 2

3

a) sin4=—
@ >

(b) 2cos3x-1=0
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QUESTION 13 - EXAM 1

@) 23in(x—%)+1:2.

. (X & _
(b) Zsm(5+§]+\/§_0.
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©) —2cosZ(x—%)=\/§.
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QUESTION 14 — EXAM 2

(@)

1 @
T= gﬁ‘" -~ T = BE
-1 12
— 9 -
o = L
T Tw. SEL 57 Sy, oy
=2 - 3T -2 oo S
-~ - 111*'3‘:;;»-:,‘7""
12
(b)
y
4
2
1
0 X
< o 2 / 6
i .4 7T Y4 177
Xi——— < X<—— U X —< X<— (U —_— —_—
4 12 4 12 4 12
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QUESTION 15 - EXAM 1

QUESTION 16 — EXAM 2
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QUESTION 17 — EXAM 2
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