UNIT 3 & 4 MATHEMATICAL METHODS
APPLICATIONS IN DIFFERENTIATION
SHORT ANSWER QUESTIONS - TEST 1

Instructions

o Answer all questions in the spaces provided.

¢ In all questions where a numerical answer is required, an exact value must be given
unless otherwise specified.

¢ In questions where more than one mark is available, appropriate working must be
shown.

¢ Unless otherwise indicated, the diagrams in this book are not drawn to scale.

QUESTION 1

a. Solve x* —=2x*—x=0.

© The School For Excellence 2018 Mathematical Methods — Examination Questions Page 1



Let f(x)=x"—-2x*—-xX.

b. Showthat f'())=f'(-1).

c. Thecurve f(x)=x"—-2x*—-x has two points that share a common tangent. Find the
equation of this tangent.

2+ 2+ 2=6marks

© The School For Excellence 2018 Mathematical Methods — Examination Questions Page 2



QUESTION 2

. d _ ax? +bx
a. Find values of the constants a and b such that d—(xze 3*):7.
X e

x?+1
,find T '(2).
71 (2)

b. If f(x)=

3+ 3 =6 marks
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QUESTION 3
X2
a. If £(x)=(x*+2x+2) show that fr(x)=—=.
e

b. Use calculus to find the coordinates of the stationary point(s).

c. Use the sign of the first derivative to determine the nature of the stationary point(s).

2+1+1=4marks
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QUESTION 4

cos? X — 2Xsin X cos X — cos? X

is equal to
X2

a. Show that the derivative of

2 x

CoS . ,
b. Hence show that the curve y = has stationary points at (a, 0), where

a:M and neJ.
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2

COS* X : . . . .
c. Show that the curve y = also has stationary points with x-coordinates given by

X
the solutions to the equation 2xtan(x) = -1.

2+ 2+ 1=5marks
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QUESTION 5

. X . .
The line y = 2 —1 is normal to the curve y = bx* +1. Find the exact value of b .

4 marks
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QUESTION 6
Let f :R —> R be a continuous function with the following properties:

f(=2)=f(1)=0
f(0)=4
f'(~2)=f'(0)=0

f'(x)<0 forx<-2andx>0
f'(x)>0 for—-2<x<0

a. Sketch a possible graph of f on the set of axes below.

‘VH

b. Write the equation describing f in the form a(x +b)*(x+c) where a, b, ¢ represent
real number constants.

2+ 2 =4 marks
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QUESTION 7
The graph of the function f :(—4,5)— R is shown below.

4] T

0
J

On the set of axes below, sketch the graph of the derived function f’(x). Do not attempt to
find the exact value of f" at x=-4 or x=5.

(%)

2 marks
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QUESTION 8

Sketch the graph of y = labelling the coordinates of the axial intercepts and stationary

X+1
points, and the equations of any asymptotes.

4 marks
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QUESTION 9

A truck has a top speed of 75km/hr, and, when travelling at x km/hr , it consumes

1 (1600 j :
—| ——+ X | litres per km.
500 x

a. If the truck is to make a trip of 200km, and the price of fuel is 15 cents per litre, show
that the cost of the fuel for the trip is given by ¢ = 0.6(@+ x) where C is the cost in
X
dollars.
b.

If the driver is paid $30 per hour, what is the most economical speed?

1+ 4 =5marks
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SOLUTIONS
QUESTION 1
a. x(x*-2x-1)=0

= X(x+D)(x* —=x-1)=0

x=0 or (x+1)=0 or (x*-x-1)=0
(2
- x=0 x=-1 x:_bir b — 4ac
2a
145

Therefore: x=0, -1, >

b.  f(X)=x*-2x—x
f1(x) = 4x® —4x -1
f'(1) = 4(1)° - 4(1) -1=—1
f'(-1) = 4(-1)* —4(-1) -1=-1

c. Ifthe tangent is common to both points then the gradient to the curve has the same
value at both points.

Part (b) suggests that the x-coordinates of the two points might be x =1 and x=-1.

When x=1:
4 2 (9

y=fO=0"-2)"-1=-2 3}
Equation of tangent at (1, —2): 24
Y=Y =m(xX=x) 1t
=y—-(-2)=-1(x-1) .
=>y=-x-1 ;; 1 27 x
When x=-1:

-2+
y=f(-)=(-D"-2(-)°-(-1)=0

s .

Equation of tangent at (-1, 0):

Y-y, =m(x—x)
= y=-1(x~[-1]) = —x-1
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QUESTION 2

(@) y=xe”

Using the Product Rule: ay _ X x a (&) +e*x L (x%) M1
dx dx dx

= ( 2% —3e‘3x)+ (e‘3X x 2x) Al
= e ¥ (-3x" +2x)

_ 2
:% andso a=-3 and b=2 A(2x%¢)

+1

(b) f(x)=

XZ
XZ

(x* =1)2x — (x* +1)2x

Using the Quotient Rule: f'(x) = M1
g the Q (x) (1)
_2xX(x*-1-x%-1)
(x* -1
_ ;4x : Al
(x"-1)
Therefore, f'(2) =—g H1
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QUESTION 3

a. f(x)=(x*+2x+2)

f'(x)=(2x+2)e™ —e ™ (x* +2x +2) M1
—e ¥ (2x+2-x"-2x-2)
— _x%*
2
- X Al
e
b. Stationary points occur when f ’(x) =0.
2
X o
e
.x=0
f(0)=2
*. The coordinates of the stationary point are (0, 2). Al
C.
x<0 x=0 x>0
' 1 f ! O = 0 '
cg 1(-1)=-1 © g 12)=—%
e e
f'(x)<0 f'(x)<0
.. The point (0, 2) is a stationary point of inflexion. Al
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QUESTION 4
u 2

a. Lety=— whereu=cos”X and V=X.
Vv

Then ﬂzl.

dx

To find (;_u use the Chain Rule:
X

Let W= COS X so that u = w?.

Then ﬂ:2w and d—W:—sinx.
dw dx

du_du ow_ (2w)(-sin x) = —2cos xsin X.

Then — =
dx dw dx

From the Quotient Rule:

du dv
dy Vax  Vax _ (x)(=2cos xsin x) — (cos® x)(1) - 2xsin xcos x — cos” X
dX V2 X2 XZ ’
. . . . dy
b. Tofind x-coordinate of stationary points solve d_ =0:
X

dy —2xsinxcosx—cos® X _ —CosX(2Xsin X +CcosX)

0
dX X2 X2

Use the null factor theorem:

s.cosx=0 or 2xsinx+cosx =0.

Solve for X: cosx=0
x:M where ne J .
Solve for y: cosx=0
yo 20
2n+)x

c. 2xsinx+cosx=0

.. 2Xsin X = —cos X

sox X
COS X
S2Xtanx =-1
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QUESTION 5

Let the point where y = g —1 is normal to y = bx* +1 have coordinates (X1, ).

Gradient of normal to curve at (X;, Y,):

_ Ay
dx

tangent

Therefore Mygent = 4bX13 at (X, Yq)-

1 1
Mpormal Miangent = -1 Mygma = — Miangent “ Myormal =~ 4bX13 1)
Gradient of line: m= % (2)
. 1 1 3
Equate equations (1) and (2): — T=5= 2bx," =-1
4bx,”> 2
s 2bx =-1 (3)

X
=-L_ 4
Y1 > (4)
y, =bx* +1 (5)
Equate equations (4) and (5):
%—1=bx14+1.'. 2bx,* — ¥, +4=0 6)

From equation (3) it follows that 2bx14 =—X.

Substitute 2bx,* = —x, into equation (6): X =% +4=0..%=2
Substitute x; =2 into equation (4): y; =0.
, , . 4 1
Substitute x; =2 and y; =0 into equation (5): 0=b(2)"+1 ..b= 16
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QUESTION 6

a.

3 Shape M1
Turning points
2 and axes intercepts M1
1
A
-5 -4 -3 -z -1 0 2 3 4 5

b. Model: y=a(x+2)*(x-1)

The (x+2)? comes from there being an x-intercept and also a turning point at x = —2.
The (x—1) comes from there being an x-intercept at X =1.

As f(0)=4:
Substitute (0, 4) into the model:

4=2a(0+2)*(0-1)
La=-1

Therefore: a=-1,b=2and ¢c=-1.
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QUESTION 7

, . rise 1.5
Gradient of line = ——=—=0.5.

run 3
Draw tangents at X =—4 and X = 2, select 2 points that lie on each tangent and calculate

the corresponding gradients.

At X=-4, m=-2.
At X=2, m~1.

As a stationary point exists at X =0 for f(X), the graph of f'(x) will cut the X axis
at x=0.

Note: Gradients are undefined at the end points of a domain.
Therefore, use open circles at the end points.
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QUESTION 8

a
KinrFercerrs, Ler y=0 ! ES =0
X+
ax = O (o.0)
. — (= | o
\/tmfefCePf"sj Le— x=0" 3_0 {S;
2 < =
2L = @:17_2_91;;3“1_') s B w2t —R e eI
b (zoot Coer0)™ (o)
Let M -0 ! it =0
2 =0, 2,
€ |73 ] TR L5 |[T6S] © | ACe éo‘o) s @ Mmoo
Y| Y4 | O |-22| 2| © %/ C_;Z/__q_) s a rraxicmuon
sepe [/ 1™ I TN J 1

® asymptrote . x="1

b 4 asgmpl‘O"e-f 3:0

(-2, -4
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QUESTION 9

a.
C= al5X ks

= s 200% A [ 1600 ~

" o,e(z_wTo & 'JL—j

C= CosF a# ﬂ;el +  Casr o Ahreuver

C = Qo0 xo,l5 x_1 /1600
; S22 +x) + @g)x30

) v N
Haveted CL/km) _4/’33/‘-f‘
\ \/ Torme. rovetlleal
Volovne of flel \1/
oNnsumecy S= d____.
&
& e d = S0
X cost+ per L. i 3 T
cost of pue,L
olc 2 L 6.6
C= 061660 4o\ 4 6000 e = @MEEw S
> - ol
C= 960 _ 0,6 ~+ 6900 Lel de o
-’ 2 ol

x%= 6960
C= 6960 —~+0.6x

ot ©.6

e EABGRT" *BAK xt= 1,600
o= m ke [

mag v € conenica (

As O<x(km) l«—) TS Men

sSpecd will be IS km (L
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