Module 6 - Integration 6.13

6.4 Definite Integration

Consider the curve y = f(x) whic is sketched below and the small element of area, SA
indicated by the shaded area.

Ay
:—/I
: y
a X x+ ox b x>

The shaded area dA is greater tha that of the rectangle of height y but less than that of the
rectangle of height y + dy. Thus:

y.0x < 8A < (y+dy). dx

0A
oy < g <y+5y

As dx approaches zero, % becomes % and Oy approaches zero.
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Thus:

SIS
[l
<

A= Iydx = jf(x)dx - F(x)+C

where F(x) represents the integral or antiderivative of the function f (x). This result provides
the formula for the area A, in terms of any value of x and the constant C. Suppose the required
area lies between x = a and x = b.
When x = a, the shaded area would be zero.
Fla)+ C=0
. C=-F(a)
When x = b, A = F(b)—F(a).

This represents the total area beneath the curve y = f{x) between the values x = a and
x = b. This is written as:

Area = f f(x)dx = F(b)—F(a)

and is known as THE FUNDAMENTAL THEOREM OF CALCULUS

The constants a and b are called the lower and upper limits of integration and since the result
contains no integration constant C, it is called a definite integral. Note that a definite integral is
a number rather than an algebraic expression and it is obtained by integrating the function,
evaluating it for the two limits and taking the difference of the two results. The layout for this
procedure is demonstrated in the example below.
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Exercise 6.5

Find the area under the curve y = x2+3x+2 between x = 2 and x = 4.

Solution

4
I(x2+3x+2) dx
2

Area

x3  3x2
= | Z=—+=+2

[3 2 xl

43 42 ) (23 3x22 )
= [=+43x=+ — =+ -

(3 3><2 2 x4 3 5 2x2
. 152 02 5

533 123 403 units

This procedure may be summarised as follows:

(a) Write down the integral with the larger x-value as the upper limit,
)
ie. jf(x) dx where b>a
a

(b) Find the integral of the function omitting the integration constant C. Place the result in
square brackets with the limits at the right,

ie. ff(x) dx = [F(x)]f,

(c) Substitute the upper limit in the integrated function and subtract the result obtained by
substituting the lower limit, i.e. F(b) — F(a). Note that the final result must be a single
number.
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Exercise 6.6

(b) f(cose+sin6) do
0

Solution

() f(}cﬂﬁ) dx = [Inx+2.Jx]F
1

= (In4d+2.4)—(In1+2.J1)

= (1.386+4)— (0 +2) = 3.386

T
(b) f(cose+sin9) do = [sin@—cose]g
0
= (sinﬁfcosﬁ) —(sin0 — cos0)
2 2

=(1-0-(0-1) =2
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Exercise 6.7

A tree fell 5000 years ago. The carbon 14 in the tree decays at the rate:

de _ qe—0.00012¢
dt

where ¢ is the number of carbon 14 atoms present, ¢ is the number of years since the tree fell,
and a is a constant. Find the amount of carbon 14 that has decayed in the last 1000 years.

Solution

dec = ae—0.00012t dt

c = jae—o.00012z dt
From ¢ = 4000 to ¢ = 5000 gives:
5000
c = ae-0.00012¢
4000

[ a 80.0001215000 e 000012 %5000 5000012 x 4000
4000

~0.00012 ~0.00012 _ —0.00012

= 2 (e 06048y = ___2_((05488—0.6188)
0.00012 0.00012

_ 007 s

0.00012°
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Exercise 6.8

Find the area between the curve y = 2 —x2, the x-axis and the limits x = 2 and x = 3.

Solution

3
Area = J2(2—x2) dx = [Zx—x—J
30

2

. . L 1 .
Area cannot be negative, hence disregard the negative sign. Area = 4= units?2,

Note:

3

The negative sign indicates that this area is below the x-axis. This is a general result
with all areas above the axis being positive and all areas below the axis being negative.
If the total area between the x-axis and a curve which lies above and below the axis is
required, then the positive and negative areas must be found separately and the results
added together ignoring the negative sign.

This procedure applies only if you are finding an area. If you are asked simply to
integrate a function between two limits, then negative values (if any) stay negative.
An integral may have a number of interpretations apart from area. These practical
applications will appear in other units in your course.
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Exercise 6.9

Find the area enclosed between the curve y = (x — 1) (x —2) (x + 2) and the x-axis.

Solution

The curve cuts the x-axis when y = 0, i.e.
x-Dx-2)(x+2) =0
Lx—=1=0,x-2=0o0orx+2 =0

x=1,2o0r -2

=Y

>
[

I ]
J. (x—D(x-2)(x+2) dx = J. (x—1)(x2-4) dx
) -2

i
j (X3 —x2—4x+4) dx
=)

x* X3 ) !
= | L _ox2+
[4 3 2x 4)612

(1.1 ),(E,—_S, ,)
(4 3 2+4 7 3 2x4+4x-2

:23_(—_28): !
n (3 TG
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? x* X3 2
A, = J.(x3—x2—4x+4) dx = [Z—?—2x2+4xJ
. 1
16 8 ) (1 1 ) 4 23 7
= —_— - + === 4+ = - —_— =
(432X44X2432431 12
_ 4,7 5 o . L
Total area = 11 4—1+E = 116 units“ (ignoring negative sign for A,)
Note: Consider the single integral from — 2 to 2:
2
x* X3 2
J. (x> —x2—-4x+4) dc = [—7—72x2+4x}
4 3 )
-2
:4_(—28):2: 2 S
3 3 3 10 3 which is incorrect.

The area below the axis has been subtracted instead of added, i.e. the negative sign has not
been ignored. Thus, it is essential to find positive and negative areas separately and to add
their absolute values.
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Exercise 6.10

Find the area beneath the curve y = 1 —sinx and the x-axis from x = 0 to x = .

Solution

y /
1
0 T X

NSTS]

Since both areas are positive, a single integral may be used. (Note that radians must be used.)

T
Area = j (1 —sinx) dx
0

=[x+ cosx]gE = (m+ cosm)—(0+ cos0)

(m-1)-(0+1) = n—2 = 3.14159 -2 = 1.14159 units?

Additional Exercises

1. Evaluate the following definite integrals:

2 2 4
(a) dx (b) x2 dx (©) (x3+x) dx
“1 1 2
d 4 2
@ | x3 dx © | (a-x? a ® | x-De-x) a
1 Y0 “1
| 2 . 4
N z . e
@ [ea W [ a o | 5
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2. Find the areas under the following curves and above the x-axis between the x-values

indicated.

@ y=x2+3,x=0and x = 1 (b) y
() y=4x3+3x2+1,x =1 and x = 2

3. Find the areas between the following curves and the x-axis.

(@ y=&-2)&+3) (b) »y

Answers to Additional Exercises

—

= -, x=2and x =3
X

=x-1x+2)(x-3)

2 X372 7 x4 x27?
1. =1 —| = = 4 =
@ [ ® 5] -3 © [F+5] =66
(d) |:x_4:|1 =90 (e) |:_(1_x)3:|1 = 1 ® |:—2x+§.x_2_x_12 =
41, 3 o 3 2 3]
1 1 9’
(g) [e*]l.; = e—-=2.3504 (h) [2@10 = 2e—2 = 3.4366
e
. -1 -1 1 1
— | =- + = —0.0243
(1) [2(x2)2J2 2x9 2x16
‘ 3 10
2. @ | 2+3) dr = [L+3xJ L
J 3 o 3
0
¢ d
(b) X = [inx]} = 0.4055
X
2
¢
© | @x3+3x241) dr = [x* +x3+x]; = 23
1
3. (a) Intersects x-axisat x = —3 and x = 2
2
3x2 2 125 125
J(x x6)dx[3 76| = rea= =
-3
(b) Intersectsx-axisat x = —2, x = 1 and x =
]
4 2x3 5x2 63
= 3_ 2 _ + - x____ J - 2=
A, I(x 2x2—5x+6) dx [4 st =g
-2
¢ 16 63 , 16 _ 253
= 3_2x2-5x+ = —— . = =4 ==
A, J-z(x 2x4—5x+6) dx 3 Area T3 B
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