2.4

The Chain Rule

Andrew and David are both training to run a
marathon, a long-distance running event that
covers a distance of 42.195 km (26.22 mi).
They both go for a run on Sunday mornings
at precisely 7 A.M. Andrew’s house is 22 km
south of David’s house. One Sunday morning,
Andrew leaves his house and runs north at

9 km/h. At the same time, David leaves his
house and runs west at 7 km/h. The distance

between the two runners can be modelled by
the function s(¢) = \/1301‘2 — 396t + 484, where
s is in kilometres and ¢ is in hours. You can use

differentiation to determine the rate at which the distance between the
two runners is changing. This rate of change is given by s’(z).

To this point, you have not learned a differentiation rule that will help you find the derivative of this

type of function. You could use the first principles limit definition, but that would be complicated.
Notice, however, that s(¢) is the composition of a root function and a polynomial function:

s(t) = fog(t) = f(g(t)), where f(¢) = Jt, and g(t) =130¢> — 396t + 484. Both f'(¢) and g’(t) are easily
computed using the derivative rules you already know. This section will develop a general rule that can be
used to find the derivative of composite functions. This rule is called the chain rule .

NZHIEIM How are composite functions differentiated?

1
1. Consider the function f(x) = (8x3)3.

a) Simplify f(x), using the laws of exponents.

b) Use your result from part a) to determine f*(x).
1

2. a) Let g(x)=x3. Determine g’(x).

b) Let h(x) = 8x3. Replace x with 8x3 in your expression for g’(x) from
part a). This will give an expression for g’[h(x)]. Do not simplify.

¢ Reflect Why is it appropriate to refer to the expression g’[h(x)] as a
composite function?

d) Determine h’(x).

3. a) Use the results of step 2 parts b) and d) to write an expression for the
product g’[h(x)] X bh'(x).

b) Simplify your answer from part a).

¢ Compare the derivative result from step 1 part b) with the derivative
result from step 3 part b). What do you notice?
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4. a) Reflect Use the above results to write a rule for differentiating a
composite function f(x) = goh(x). This rule is called the chain rule.
What operation forms the “chain”? Explain.

b) Write the rule from part a) in terms of the “outer function” and the
“inner function.”

o Use your rule to differentiate f(x) = (2x> — 5)%.

d) Verify the accuracy of your rule by differentiating f(x) = (2x3 — 5)?
using the product rule.

The Chain Rule

Given two differentiable functions g(x) and lo( ), the derivative of the
composite function f(x) = ]is f/(x h(x)] X bh'(x).

A composite function f(x) = (goh)(x) = g[h(x)] consists of an outer function,
g(x), and an inner function, h(x). The chain rule is an efficient way of
differentiating a composite function by first differentiating the outer function
with respect to the inner function, and then multiplying by the derivative of
the inner function.

Example 1 | Apply the Chain Rule

Differentiate each function using the chain rule.

a) f(x)=3x—35)*
b) f(x)= /4 — x>
Solution

a) f(x)=(3x—5)*is a composite function, f(x) = g[h(x)], with g(x ) x* and
h(x)=3x—35. Then g’(x) =4x3, g’[h(x)] =4(3x — 5)%, and b’(x) =

f(x)=g'[h(x)]h’(x)  Apply the chain rule.
=4(3x—5)3(3)
=12(3x—5)3
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1
b) f(x) =4 — x% is a composite function, f(x) = g[h(x)], with g(x) = x2
1 1
and h(x) =4 —x2. Then g’(x) = %x_z, gh(x)]==(4—x2) 2, and

b’(x) = —2x.

1
2

f'(x)=g’[h(x)h’(x)  Apply the chainrule.

Alternate Form of the Chain Rule

Consider the function in Example 1 part b): f(x) = /4 — x2.

Let y = Vu. Let u=4—x>
1
ﬂ = lu_i @ =-Jx
du 2 dx
The product of these two derivatives, dy X @, results in the derivative of y
y du dx

. d
with respect to x, —=.
dx

1
Therefore, b _ u 2(—2x). Replacing # with 4 — x2, the result is

1
dx 2
1 1
E(4—x2) 2(—2x).

Leibniz Form of the Chain Rule
dy dy du

If y={f(n) and u = g(x) are differentiable functions, then == = —~ —

dx du dx’

The Leibniz form of the chain rule can be expressed in words as follows: If
y is a function in #, and u is a function in x, then the derivative of y with
respect to x is the product of the derivative of y with respect to # and the
derivative of # with respect to x.

This form of the chain rule is easily remembered if you think of each term as
a fraction. You can then cancel du. Keep in mind, however, that this is only a
memory device, and does not reflect the mathematical reality. These terms are
not really fractions because du has not been defined.
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Example 2 | Represent the Chain Rule in Leibniz Notation

a)

b)

b) If y=u"3 and u =2x — x3, determine dy .
X x=2
Solution

y=—uand u=4x3—3x2+1

y=—u?
B 1 and 10526k
du 2 x
dy _ dy du
dx dudx

1 -t
=——u 2(12x% — 6x)

1 1
:_5(4x3_ 3x2+1) 2(12x2— 6x)
_i2eex

24x3—3x2+1
For y= 1[3,@:—31474-
d
For u=2x—x3,@=2_3x2~
dx

dx du dx

=—3u*(2 — 3x?)

32— 3x2)

"

a) Ify= —Ju and u=4x3—3x2 + 1, determine ﬂ

dx

Substitute u = 4x> — 3x* + 1 toexpress
theanswerin termsof x.

Notice that it was not necessary to write the expression entirely in terms
of x, because you can determine the value of # when x =2 and then

substitute as shown below.

When x =2, u=2(2)— 23 =—4.

dy| _ =3(2-3(2)*)
dxl, (4
-32-12)
256
15
128
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Example 2 illustrates a special case of the chain rule that occurs when the
outer function is a power function, such as y =u" or [g(x)]". The derivative
consists of using the power rule first.

Power of a Function Rule

If y=u" and u = g(x), then
i n\— n—1 @ i n — n—1 5’
I (u")= nu I [g(x)]" = n[g(x)]"" &’ (x).

Example 3 | Combine the Chain Rule and the Product Rule

Determine the equation of the tangent to f(x) = 3x(1 —x)? at x = 0.5.

Solution

Differentiate the function.

flx) = 3x(1 — x)?

fx)=01- xz)i(3x) + (3x)i(1 —x)2  Apply the product rule first.
dx dx
=3(1 — x)* + 3x[2(1 — x)(—1)] Apply the power of a function rule.

Determine the slope at x = 0.5 by substituting into the derivative function.

£(0.5)=3(1—-0.5)>+3(0.5)[2(1 = 0.5)(—1)]
=0.75-1.5
=-0.75

The slope of the tangent at x = 0.5 is —0.75.

Calculate the tangent point by substituting the x-value into the original
function.

£(0.5)=3(0.5)(1—0.5)?
=1.5(0.25)
=0.375

The tangent point is (0.5, 0.375).

Substitute 72 = —0.75 and (0.5, 0.375) into y — y; = m(x — x1).

y=—0.75x+0.75

Technology Tip

y—0.375=-0.75(x—0.5)
y=-0.75x+0.375+0.375
'-.?sx._?;/

You can check your answer using the Tangent L_:
¥

A

function on a graphing calculator.
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To get the screen shown here,
you will have to change the
number of decimal places to 2.
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Example 4 Apply the Chain Rule to Solve a Rate of Change
Problem

The chain rule can be used to David’s
solve the problem presented at the House
beginning of this section. Andrew - 7
and David both leave their houses s
at 7 A.M. for their Sunday run.
22 -9t

Andrew’s house is 22 km south of 130¢2 — 396t + 484

David’s house. Andrew runs north
at 9 km/h, while David runs west )
at 7 km/h. Determine the rate of
change of the distance between the
two runners after 1 h.

> ot

Solution
The distance between the two runners, s(¢), is
. . J
obtained by using two formulas: d = vt and the
Pythagorean theorem. Andrew’s
House

Andrew runs at 9 km/h, so the distance he runs is 9¢,
with ¢ measured in hours. Since his house is 22 km from David’s, the
distance he is from David’s house as he runs is represented by 22 — 9¢.
David runs at 7 km/h, so the distance he runs is represented by 7t.

s(t) = \/(22 —9t)% + (71)? Pythagoreantheorem.

= /13082 — 396¢ + 484
1
= (1302 — 396t + 484)2

1

s'(t) = %(130:2 — 3961 +484) 2 %(13.0t2 — 3961 + 484) Powerof afunction rule.
= ! (260t — 396)
2,/130£2 — 396t + 484
(1) = 260(1) — 396
2,/130(1)> — 396(1) + 484
_ 136
24218
=-46

After 1 h, the distance between Andrew and David is decreasing at 4.6 km/h.
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