Area Problem:

Given a function f, for simplicity, assume that f is continuous and non-negative on the
closed interval [a, b], we want to find the area of the region bounded by the graph of f, the
r—axis, and the vertical lines x = a and x = b
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Using the concept of limit, We can approximate this area by dividing the region into rect-
angles, and as the width of the rectangles approaches 0 (or as the number of rectangles
approaches infinity), the approximation becomes exact. This is easy to describe using
pictures intuitively, how do we actually work out the algebra?

Let’s use an actual example to demonstrate this:

Example: Find the area of the region above the xr—axis, below the graph of f(z) = z* + 1,
between x = 0 and = = 2,
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We will estimate the area of the region by dividing the interval [0,2] into 4 subintervals
of equal length. This is called a partition of the interval. What is the length of each of



these intervals?

In general, if we want to partition the interval [a, b] into n subintervals of equal length, then
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the length of each interval is given by Az = , where Az represents the length of each
interval.
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In this example, the length of each interval is: Az = 4 —35° 0.5.
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We will form rectangles whose width is equal to the width of each interval to estimate the
area. What about the height of the rectangles? In this example, we use the value of the
function f at the right-endpoint of each interval as the height of each rectangle. In
other words, since the right end-points of each interval is

r=0>5,x=1,r =152 =2,

the height of each of the rectangles using the value of f at the right end points will be given
by:

f(0.5)=052+1=125f(1)=1>+1=2,f(1.5) =152 +1=3.25f(2)=2°+1=5
The area of each of these rectangles can be calculated by:

Ay = (0.5)(f(0.5)) = (0.5)(1.25) = 0.625,

Ay = (05)(F(1) = (0.5)(2) = 1,

Az = (0.5)(f(1.5)) = (0.5)(3.25) = 1.625,

Ay =(0.5)(f(2)) =(0.5)(5) =2.5

The area of the region can be approximated as the sum of these four rectangles, and is
equal to:



A, =0.6254+141.6254+2.5=5.75

We use a table to summarize the above calculation:

interval | width | right-end-pt height area = width X height
[0,0.5] | 0.5 0.5 f(0.5) =1.25| (0.5)(f(0.5)) = 0. 625
[0.5,1] | 0.5 1 f(1)=2 (0.5)(f(1)) =

[1,1.5] | 0.5 1.5 f(1.5) =3.25| (0.5)(f(1.5)) =

[1.5,2] | 0.5 2 f(2)=5 (0.5)(f(2) =

Notice that in the above example, sine f is an increasing function, by using the right-

endpoint, we ended up with an over-estimate of the area of the region.

We can also estimate the area by using the value of the function at the left-end-point

of the interval as the height of the rectangles:
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The left end-points of each of the intervals is:

r=0,2=05z=12=1.5,

The height of each of the rectangles using the value of f at the left-endpoints is given by:
fO)=0*+1=1,f(05)=05+1=125f1)=1*+1=2, f(1.5) = 1.5 +1 = 3.25

The area of each of the rectangles is given by:

A = (05)(/(0)) =
Ay = (05)(£(0.5)) =
Ag = (05)(f(1) = (05)(2) =

(0.5)(1) = 0.5,
(0.5)(1.25) = 0.625,
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Ay = (0.5)(f(1.5)) = (0.5)(3.25) = 1.625,
The area of the region can be approximated as the sum of the area of these four rectangles:
A =054+0.625+1+1.625 =3.75

We also summarize the information with a table:

interval | width | left-end-pt height area = width X height
[0,0.5] | 0.5 0 flo)y=1 (0.5)(f(0)) =0.5
[0.5,1] | 0.5 0.5 f(0.5) =1.25| (0.5)(f(0.5)) = 0. 625
[1,1.5] | 05 1 f)=2 (0.5)(f(1)) =

[1.5,2] | 0.5 1.5 f(1.5)=3.25| (0.5)(f(1.5)) =1. 625

This time, since f is a decreasing function, using the left end-point gives us an under-
estimate.

Yet another approache is to use the value of the function at the mid-point of the
interval as the height of the rectangles:

The x—coordinates of the mid-points of the intervals are:
r=0.25,2=0.75,2x=1252=1.75,
The height of each of the rectangles using the value of f at the mid-points is given by:

f(0.25) = 0.25% + 1 = 1.0625, f(0.75) = 0.75% + 1 = 1.5625, f(1.25) = 1.252 + 1 =
2.5625, f(1.75) = 1.752 + 1 = 4.0625

The area of each of the rectangles is given by:

Ay = (0.5)(£(0.25)) = (0.5)(1.0625) = 0.53125,



Ay = (0.5)(f(0.75)) = (0.5)(1.5625) = 0.78125,

Az = (0.5)(f(1.25)) = (0.5)(2.5625) = 1.28125,

Ay = (0.5)(f(1.5)) = (0.5)(4.0625) = 2.03125,

The area of the region can be approximated as the sum of the area of these four rectangles:
Ay = 0.53125 + 0.78125 4 1.28125 4 2.03125 = 4.625

We similarly use a table to summarize the information:

interval | width | mid-pt height area = width X height
[0,0.5] | 0.5 0.25 | f(0.25) = 1.0625 | (0.5)(f(0.25)) = 0.53125
[0.5,1] | 0.5 0.75 | f(0.75) = 1.5625 | (0.5)(f(0.75)) = 0.78125
[1,1.5] | 0.5 1.25 | f(1.25) =2.5625 | (0.5)(f(1.25)) = 1.28125
[1.5,2] | 0.5 1.75 | f(1.75) = 4.0625 | (0.5)(f(1.75)) = 2.03125

Out of these three estimates, which one is better? The exact value of the area of this

region is 3 ~ 4.667 (we will see later how to find this value), so using the mid-point
gives a better approximation for this particular function. While on average the mid-point
approach usually gives a more accurate estimate, this is not always the case, so do not make

any assumption about the accuracy of each approach.

We could have chosen yet some other points inside the interval and use the value of the
function on those points as the height of the rectangle, but other than the right-end-point,
left-end-point, and mid-point, all other points will require more complicated mathematics
with not much to gain, so in order to estimate the area of the region, we usually stick with
one of these three approaches.



What if we want a better estimation? Our intuition tells us that if we use more rectangles,
our approximation should be better. We do the same problem with eight rectangles instead
of four, this time not showing the detail of the work, but just summarize the info in a table:

Right End-Point:
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interval | width | right-end-pt height area = width X height
[0,0.25] | 0.25 0.25 £(0.25) = 1.0625 | (0.25)(f(0.25)) = 0.265625
[0.25,0.5] | 0.25 0.5 f(0.5) =1.25 (0.25)(f(0.5)) = 0.3125
[0.5,0.75] | 0.25 0.75 f£(0.75) = 1.5625 | (0.25)(f(0.75)) = 0.390625
[0.75,1] | 0.25 1 f(1)=2 (0.25)(f(1)) =0.5
[1,1.25] | 0.25 1.25 f(1.25) = 2.5625 | (0.25)(f(1.25)) = 0.640625
[1.25,1.5] | 0.25 1.5 f(1.5) =3.25 (0.25)(f(1.5)) = 0.8125
[1.5,1.75] | 0.25 1.75 f(1.75) = 4.0625 | (0.25)(f(1.75)) = 1.015625
[1.75,2] | 0.25 2 f(2)=5 (0.25)(f(2)) =1.25

The sum of the area of these eight rectangles is equal to:

A, = 0.265625 + 0.3125 + 0.390625 + 0.5 + 0.640625 + 0.8125 + 1.015625 + 1.25 = 5.1875



Left End-Point:
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interval | width | left-end-pt height area = width X height
[0,0.25] | 0.25 0 f(0)=1 (0.25)(f(0)) = 0.25
[0.25,0.5] | 0.25 0.25 f£(0.25) = 1.0625 | (0.25)(f(0.25)) = 0.265625
[0.5,0.75] | 0.25 0.5 f(0.5) =1.25 (0.25)(f(0.5)) = 0.3125
[0.75,1] | 0.25 0.75 f(0.75) = 1.5625 | (0.25)(f(0.75)) = 0.390625
[1,1.25] | 0.25 1 f(1)=2 (0.25)(f(1)) =0.5
[1.25,1.5] | 0.25 1.25 f(1.25) = 2.5625 | (0.25)(f(1.25)) = 0.640625
[1.5,1.75] | 0.25 1.5 f(1.5) =3.25 (0.25)(f(1.5)) = 0.8125
[1.75,2] | 0.25 1.75 f(1.75) = 4.0625 | (0.25)(f(1.75)) = 1.015625

The sum of the area of these eight rectangles is equal to:

A; = 0.25 4+ 0.265625 + 0.3125 + 0.390625 + 0.5 + 0.640625 + 0.8125 + 1.015625 = 4.1875



Mid-Point:
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interval | width | mid-pt height area = width X height
[0,0.25] | 0.25 | 0.125 | f(0.125) = 1.015625 | (0.25)(f(0.125)) = 0.25390625
[0.25,0.5] | 0.25 | 0.375 | f(0.375) = 1.140625 | (0.25)(f(0.375)) = 0.28515625
[0.5,0.75] | 0.25 | 0.625 | f(0.625) = 1.390625 | (0.25)(f(0.625)) = 0.34765625
[0.75,1] | 0.25 | 0.875 | f(0.875) = 1.765625 | (0.25)(f(0.875)) = 0.44140625
[1,1.25] | 0.25 | 1.125 | f(1.125) = 2.265625 | (0.25)(f(1.125)) = 0.56640625
[1.25,1.5] | 0.25 | 1.375 | f(1.375) = 2.890625 | (0.25)(f(1.375)) = 0.72265625
[1.5,1.75] | 0.25 | 1.625 | f(1.625) = 3.640625 | (0.25)(f(1.625)) = 0.91015625
[1.75,2] | 0.25 | 1.875 | f(1.875) = 4.515625 | (0.25)(f(1.875)) = 1.12890625

The sum of the area of these eight rectangles is equal to:

Ay = 0.25390625 4 0.28515625 + 0.34765625 + 0.44140625 + 0.56640625 + 0.72265625 +
0.91015625 + 1.12890625 = 4.65625

We see that as the number of rectangles increases, the approximation becomes better.



We now come up with a general formula for approximating the area of the region bounded
between the xr—axis, the function f and between x = a and x = b:
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—f be the length
n
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We divide the interval [a, b] into n subintervals of equal length, let Az =
of each subinterval. We have the following subintervals:
[a = mo, 21], [21, 22, [T, @3], .+ [Tiy wiga] - [Wn-1, T = 1]

Let ] be any number inside the interval [z, 1], and x5 be any number inside the interval
(1, 9], and in general, let x} be any number inside the interval [z;_1, z;].

The sum of the area of the n rectangles with width Az = — % and height f(z}) is then
given by:

An = (@) Az + f(zy) Az + fa3) Az + - + f(27) Az + - fay, ) Az + f(27,) Az

If we use the sigma Y notation, the above formula can be written in more compact form:
Ay = f@)Az + f(z3)Az + f(a3)Ar + - + f(a])Az + - f(2,)Az + f(2,)Az =
S ()

Our intuition tells us that, as the number of rectangles, n, becomes larger, the area will be

a better approximation. We believe that our approximation will be exact if we allow n go
out to infinity. Therefore, we define the area of the region by the following formula:

Defintion: Suppose f is a continuous, non-negative function inside the interval [a, b], then
the area bounded above the r—axis, below f, between x = a and x = b, is given by:

A= lim A, =
n—o0

Jm f(z)Az + f(z) Az + -+ fla)Ax + -+ fla;) Az ,}IQOZHS f(@i)Ax

Z:
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The sum Y f(z;)Ax that occurs in this definition is called a Riemann sum. In other
1=

words, the area of a region is defined as the limit of a Riemann sum.

Notice that the coordinate of each of the boundary point x; can be obtained by adding the
proper multiple of Az to the left end point, a. For example,

To = a,

r1=a+ Azr =a—+ (1)Ax,

Ty = a -+ (Q)AZE,
r3 = a+ (3)Ax,
r; = a+ (i)Az,

zp=a+ (n)Az=a+ (n) (=) =b

In the definition, the number z} can be any number inside the interval [z;_;,z;], and the
definition will give the same result (if the limit exists). However, in actual practice, if we
really wanted to use this definition to find the area of the region, usually either the left-end-
point or right-end-point is used for simplicity. If we use the left-end-point, then x; = x;_y;
if we use the right end-point, then z} = z;

It can be shown that if f is a continuous function inside [a, b], then the above limit always
exists. However, if f is not continuous inside [a, b], the limit may not exist.

The above definition can also be used to find the Riemann sum of a function f which is not
necessarily always positive in [a,b]. How to interpret the result if part or all of the graph
of f is below the x—axis?

In this case, we can interpret the Riemann sum as a net area between the (positive) area
of the region above the r—axis and the (negative) area of the region below the xr—axis.
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Example:

Find the area of the region bounded by f(z) = = + 2 and the x—axis between z = 1 and
x = 3 using the Riemann sum definition.
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Ans: While we could use any point inside each interval as our x}, we should use the
right end-point for easier algebra. In other words, we use z} = x; = a + tAxz. Then,
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Since the sigma sum ) is in terms of ¢, the expression — is like a constant inside the sigma

gm0+ (2) = o)

i=1 n

n
notation, we can factor it outside of the sigma notation (but not the limit), we have:

o] ) - ()£ () - () £+ 50
i (2) (£ ()5 - () o= () 7))

zli_@glO(z)[BnJr(nle)]:lim (%)[4n+ 1] = hml —]—8+O—8




There are other interpretation of the Riemann sum. Let’s say you are driving and you
wanted to estimate how much distance you covered by using your velocity at different time
intervals. You do a reading of your velocity every 5 seconds over a 30 seconds period, and
come up with the following:

time (s) 0[5 [10]15]20 25|30
velocity (meters/sec) | 8 |12 18 20| 17| 11| 5

So how much distance you covered in this 30 seconds?

One way we can estimate this is by assuming that, at the moment you make the reading
of your velocity, your velocity will be the same for the next five seconds before you make
the next reading. If we make this assumption, since distance = velocity X time, we can
calculate the distance we travelled for each of the five second-period in the table:

time (s) 05/[10] 15 [20]25]30
velocity (meters/sec) 8 |12 18| 20 | 17|11 | 5
distance travelled (meters) | 40 | 60 | 90 | 100 | 75 | 55 | 25

The total distance travelled is: 40 + 60 + 90 + 100 + 75 + 55 + 25 = 445 meters

We graph the above table, with time ¢ on the xr—axis and velocity on the y—axis, and
connect the points using a smooth curve.
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If we try to estimate the area of the region under the curve using the same method we used
before, by dividing into 6 subintervals and using the left end points as the height of the



rectangles, we see that the area of the first rectangle is 5 x 8 = 40, which is the same as
the distance travelled for the first five seconds in our assumption. The area of the second
rectangle is 5 X 12 = 60, the same as the distance travelled in the next five seconds. In fact,
the total area of the rectangles is equal to 445, the same as the distance travelled.

We see in this example that, if velocity (as a function of time) is graphed on the y—axis,
and time is graphed on the z—axis, then the area under the curve represents the (total)
distance travelled by the object with the velocity function over that time period. In fact,
if the function f(z) is used to represent other quantities, the area under the curve can be
interpreted as something of interest as well.

Also notice in this example that, velocity, v(t), is the derivative of distance, s(t). This
example we just saw indicates that the area under the curve of the velocity function is
related to the distance travelled (net change of the distance function). This is not an
isolated case. If the value of f’(z) is graphed as values on the y—axis, then the area under
f'(x) and the net change of the value of f(z) is intricately related, as we shall see later.





