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The Limit Concept
The notion of a limit is a fundamental concept of calculus. In this chapter, you will learn
how to evaluate limits and how they are used in the two basic problems of calculus: the
tangent line problem and the area problem.

Example 1 Finding a Rectangle of Maximum Area

You are given 24 inches of wire and are asked to form a rectangle whose area is as large
as possible. What dimensions should the rectangle have?

Solution
Let represent the width of the rectangle and let represent the length of the rectangle.
Because

Perimeter is 24.

it follows that 

as shown in Figure 11.1. So, the area of the rectangle is

Formula for area

Substitute for 

Simplify.

Figure 11.1

Using this model for area, you can experiment with different values of to see how to
obtain the maximum area. After trying several values, it appears that the maximum area
occurs when 

as shown in the table.

In limit terminology, you can say that “the limit of A as w approaches 6 is 36.” This is
written as

Now try Exercise 5.

lim
w→6

A � lim
w→6

�12w � w2� � 36.

Width, w 5.0 5.5 5.9 6.0 6.1 6.5 7.0

Area, A 35.00 35.75 35.99 36.00 35.99 35.75 35.00

w � 6

w

l = 12 − w

w

 � 12w � w2.

l.12 � w � �12 � w�w

A � lw

l � 12 � w

2w � 2l � 24

lw

11.1 Introduction to Limits

What you should learn
● Understand the limit concept.

● Use the definition of a limit to

estimate limits.

● Determine whether limits of

functions exist.

● Use properties of limits and

direct substitution to evaluate

limits.

Why you should learn it
The concept of a limit is useful in

applications involving maximization.

For instance, in Exercise 5 on page

757, the concept of a limit is used to

verify the maximum volume of an

open box.

cristovao 2010/used under license from Shutterstock.com
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Definition of Limit

Example 2 Estimating a Limit Numerically

Use a table to estimate the limit numerically.

Solution
Let Then construct a table that shows values of for two sets of 

values—one set that approaches 2 from the left and one that approaches 2 from the
right.

From the table, it appears that the closer gets to 2, the closer gets to 4. So, you
can estimate the limit to be 4. Figure 11.2 adds further support to this conclusion.

Now try Exercise 7.

In Figure 11.2, note that the graph of

is continuous. For graphs that are not continuous, finding a limit can be more difficult.

Example 3 Estimating a Limit Numerically

Use a table to estimate the limit numerically.

Solution
Let Then construct a table that shows values of for two
sets of -values—one set that approaches 0 from the left and one that approaches 0 from
the right.

From the table, it appears that the limit is 2. This limit is reinforced by the graph of 
(see Figure 11.3).

Now try Exercise 9.

f

x
f �x�f �x� � x���x � 1 � 1�.

lim
x→0  

x

�x � 1 � 1

f �x� � 3x � 2

f �x�x

x-
f �x�f �x� � 3x � 2.

lim
x→2

�3x � 2�

Definition of Limit

If becomes arbitrarily close to a unique number as approaches from 
either side, then the limit of as approaches is This is written as

lim
x→c f �x� � L.

L.cxf �x�
cxLf �x�

x 1.9 1.99 1.999 2.0 2.001 2.01 2.1

f �x� 3.700 3.970 3.997 ? 4.003 4.030 4.300

x �0.01 �0.001 �0.0001 0 0.0001 0.001 0.01

f �x� 1.99499 1.99949 1.99995 ? 2.00005 2.00050 2.00499

−1−2 1 2 3 4 5
−1

−2

1

2

3

4

5

(2, 4) 

f(x) = 3x − 2

x 

y

Figure 11.2

x 

y

−1−2 1 2 3 4
−1

1

3

4

5

x →0 

(0, 2) 

f is undefined 
at x = 0. 

x
x + 1 − 1

f(x) =

lim f(x) = 2

Figure 11.3
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In Example 3, note that has a limit as even though the function is not
defined at This often happens, and it is important to realize that the existence or
nonexistence of at has no bearing on the existence of the limit of as 
approaches 

Example 5 Using a Graph to Find a Limit

Find the limit of as approaches 3, where is defined as

Solution
Because for all other than and 
because the value of is immaterial, it follows 
that the limit is 2 (see Figure 11.6). So, you can 
write

The fact that has no bearing on the 
existence or value of the limit as approaches 3. 
For instance, if the function were defined as

then the limit as approaches 3 would be the same.

Now try Exercise 29.

x

f�x� � �2,  
4,  

x � 3
x � 3

x
f �3� � 0

lim
x→3

f �x� � 2.

f �3�
x � 3xf �x� � 2

f�x� � �2,

0,
     

x � 3

x � 3
.

fxf �x�

c.
xf �x�x � cf �x�

x � 0.
x → 0f �x�

Example 4 Using a Graphing Utility to Estimate a Limit

Estimate the limit.

lim
x→1 

x3 � x2 � x � 1

x � 1

Numerical Solution
Let 

Figure 11.4

From Figure 11.4, it appears that the closer gets to 1,
the closer gets to 2. So, you can estimate the limit
to be 2.

Now try Exercise 15.

f �x�
x

Create a table that shows values
of f(x) for several x-values near 1.

f �x� � �x3 � x2 � x � 1���x � 1�.
Graphical Solution
Use a graphing utility to graph

using a decimal setting, as shown in Figure 11.5.

Figure 11.5

From Figure 11.5, you can estimate the limit to be 2. As you use the
trace feature, notice that there is no value given for when 
and that there is a hole or break in the graph at x � 1.

x � 1,y

−4.7 4.7

−1.1

5.1 Use the trace feature to
determine that as x gets
closer and closer to 1, f(x)
gets closer and closer to 2
from the left and from
the right.

f �x� � �x3 � x2 � x � 1���x � 1�

3

f(x) =
2, x ≠ 3
0, x = 3

x 

y

−1 1 2 4

−1

1

3

4

Figure 11.6

Some students may come to think that a
limit is a quantity that can be approached
but cannot actually be reached, as shown in
Example 4. Remind them that some limits
are like that, but, as Example 2 shows, many
are not.
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Limits That Fail to Exist
In the next three examples, you will examine some limits that fail to exist.

Example 6 Comparing Left and Right Behavior

Show that the limit does not exist.

Solution
Consider the graph of the function given 
by In Figure 11.7, you can 
see that for positive values

and for negative -values

This means that no matter how close 
gets to 0, there will be both positive and 
negative values that yield

and

This implies that the limit does not exist.

Now try Exercise 35.

Example 7 Unbounded Behavior

Discuss the existence of the limit.

Solution
Let In Figure 11.8, note that as approaches 0 from either the right or the
left, increases without bound. This means that by choosing close enough to 0, you
can force to be as large as you want. For instance, will be larger than 100 when
you choose that is within of 0. That is,

Similarly, you can force to be larger than 1,000,000, as follows.

Because is not approaching a unique real number as approaches 0, you can 
conclude that the limit does not exist.

Now try Exercise 37.

xLf �x�

f �x� �
1

x2
> 1,000,0000 < �x� <

1

1000

f �x�

f �x� �
1

x2
> 100.0 < �x� <

1

10

1
10x

f �x�f �x�
xf �x�

xf �x� � 1�x2.

lim
x→0 

1

x2

f �x� � �1.

f �x� � 1

x-

x

x < 0.�x�
x

� �1,

x

x > 0�x�
x

� 1,

x-
f �x� � �x��x.

lim
x→0 

�x�
x

What’s Wrong?

You use a graphing utility to
graph 

using a decimal setting, as
shown in the figure. You use the
trace feature to conclude that
the limit

does not exist. What’s wrong?

−4.7 4.7

−1.1

5.1

lim
x→1

 
x3 � 1
x � 1

y1 �
x3 � 1
x � 1

x 

y

−1−2−3 1 2 3
−1

1

2

3

f(x) = 1
x2

Figure 11.8

−1−2 1 2

−2

1

2

x 

y

f(x) =  

f(x) = −1

f(x) = 1

⏐x⏐
x

Figure 11.7

Consider reinforcing the nonexistence of the
limits in Examples 6 and 7 by constructing
and examining a table of values. Encourage
students to investigate limits using a variety
of approaches.



Example 8 Oscillating Behavior

Discuss the existence of the limit.

Solution
Let In Figure 11.9, you can see that as approaches 0, oscillates
between and 1. 

Figure 11.9

So, the limit does not exist because no matter how close you are to 0, it is possible to
choose values of and such that 

and

as indicated in the table.

Now try Exercise 39.

Examples 6, 7, and 8 show three of the most common types of behavior associated
with the nonexistence of a limit.

sin 
1
x2

� �1sin 
1
x1

� 1

x2x1

1−1

1 

−1

1
x

f(x) = sin

x 

y

�1
f �x�xf �x� � sin�1�x�.

lim
x→0

sin 
1

x
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x
2
�

2
3�

2
5�

2
7�

2
9�

2
11�

x → 0

sin 
1
x

1 �1 1 �1 1 �1
Limit does
not exist.

Conditions Under Which Limits Do Not Exist

The limit of as does not exist under any of the following conditions.

1. approaches a different number from the right Example 6

side of than it approaches from the left side of 

2. increases or decreases without bound as Example 7

approaches 

3. oscillates between two fixed values as Example 8

approaches c.x
f �x�

c.x
f �x�

c.c
f �x�

x → cf �x�

−0.25 0.25

−1.2

1.2

1
x

f(x) = sin

Figure 11.10

Technology Tip

When using a graphing
utility to investigate the
behavior of a function

near the value at which you
are trying to evaluate a limit,
remember that you cannot 
always trust the graphs that the 
graphing utility displays. For
instance, consider the incorrect
graph shown in Figure 11.10.
The graphing utility can’t show
the correct graph because

has infinitely
many oscillations over any
interval that contains 0.

f �x� � sin�1�x�

x-



Properties of Limits and Direct Substitution
You have seen that sometimes the limit of as is simply In such cases, it
is said that the limit can be evaluated by direct substitution. That is,

Substitute for 

There are many “well-behaved” functions, such as polynomial functions and rational
functions with nonzero denominators, that have this property. Some of the basic ones
are included in the following list.

Trigonometric functions can also be included in this list. 
For instance,

and

By combining the basic limits with the following operations,
you can find limits for a wide variety of functions.

� 1. lim
x→0

cos x � cos 0� 0 lim
x→�

sin x � sin �

x.clim
x→c

f �x� � f �c�.

f �c�.x → cf �x�

Basic Limits

Let and be real numbers and let be a positive integer.

1.

2.

3. (See the proof on page 804.)

4. for even and c > 0nlim
x→c

n�x � n�c,

lim
x→c

xn � cn

lim
x→c

x � c

lim
x→c

b � b

ncb

Explore the Concept

Use a graphing utility
to graph the tangent
function. What are 

and

What can you say about the
existence of the limit
lim

x→��2
tan x?

lim
x→��4

tan x?tan xlim
x→0
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Properties of Limits

Let and be real numbers, let be a positive integer, and let and 
be functions with the following limits.

and

1. Scalar multiple:

2. Sum or difference:

3. Product:

4. Quotient: provided 

5. Power: lim
x→c

� f �x�	n � Ln

K � 0lim
x→c  

f �x�
g�x�

�
L

K
,

lim
x→c

� f �x�g�x�	 � LK

lim
x→c

� f �x� ± g�x�	 � L ± K

lim
x→c

�b f �x�	 � bL

lim
x→c

g�x� � Klim
x→c

f �x� � L

gfncb

Technology Tip

When evaluating limits, remember that there are several ways to solve
most problems. Often, a problem can be solved numerically, graphically,
or algebraically. You can use a graphing utility to confirm the limits in

the examples and in the exercise set numerically using the table feature or
graphically using the zoom and trace features.

Aldo Murillo/iStockphoto.com

Additional Example
Let and

a.

b.

c. lim
x→3

�g�x�	1�2 � 2�3

lim
x→3

�f �x�g�x�	 � 84

lim
x→3

�f �x� � g�x�	 � �5

lim
x→3

g�x� � 12.lim
x→3

f �x� � 7
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Example 9 Direct Substitution and Properties of Limits

a. Direct Substitution

b. Scalar Multiple Property

c. Quotient Property

d. Direct Substitution

e. Product Property

f. Sum and Power Properties

Now try Exercise 51.

The results of using direct substitution to evaluate limits of polynomial and rational
functions are summarized as follows.

Example 10 Evaluating Limits by Direct Substitution

Find each limit.

a. b.

Solution

a. To evaluate the limit of a polynomial function, use direct substitution.

b. The denominator is not 0 when so you can evaluate the limit of the 
rational function using direct substitution.

Now try Exercise 55.

  lim
x→�1

x2 � x � 6

x � 3
�

��1�2 � ��1� � 6

�1 � 3
� �

6

2
� �3

x � �1,

  lim
x→�1

�x2 � x � 6� � ��1�2 � ��1� � 6 � �6

 lim
x→�1

x2 � x � 6

x � 3
 lim
x→�1

�x2 � x � 6�

 � 72 � 49

 � �3 � 4�2

 lim
x→3

 �x � 4�2 � 
�lim
x→3

  x� � �lim
x→3

 4��
2

 � ��

 � ��cos ��

 
x→�
lim �x cos x) �   

x→�
�lim x� 

x→�
�lim cos x� 

 lim
x→9

 �x � �9 � 3

�
0
�

� 0  lim
x→�

 
tan x

x
�

lim
x→�

 tan x

lim
x→�

 x

� 20� 5�4� lim
x→4

 5x � 5 lim
x→4

 x

� 16 lim
x→4

x2 � �4�2

Limits of Polynomial and Rational Functions

1. If is a polynomial function and is a real number, then

(See the proof on page 804.)

2. If is a rational function given by and is a real number 
such that then

lim
x→c

r�x� � r �c� �
p�c�
q�c�

.

q�c� � 0,
cr�x� � p�x��q�x�,r

lim
x→c

p�x� � p�c�.

cp

Explore the Concept

Sketch the graph of
each function. Then
find the limits of each

function as approaches 1 
and as approaches 2. What
conclusions can you make?

a.

b.

c.

Use a graphing utility to graph
each function above. Does the
graphing utility distinguish
among the three graphs? Write
a short explanation of your 
findings.

h�x� �
x3 � 2x2 � x � 2

x2 � 3x � 2

g�x� �
x2 � 1
x � 1

f�x� � x � 1

x
x

Explore the Concept

Use a graphing utility
to graph the function

Use the trace feature to 
approximate What do 

you think equals? Is 

defined at Does this
affect the existence of the limit
as approaches 5?x

x � 5?f

lim
x→5

 f�x�
lim
x→4

 f�x�.

 f �x� �
x2 � 3x � 10

x � 5
.
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Dividing Out Technique
In Section 11.1, you studied several types of functions whose limits can be evaluated
by direct substitution. In this section, you will study several techniques for evaluating
limits of functions for which direct substitution fails. 

Suppose you were asked to find the following limit.

Direct substitution fails because is a zero of the denominator. By using a table,
however, it appears that the limit of the function as approaches is 

Another way to find the limit of this function is shown in Example 1.

Example 1 Dividing Out Technique

Find the limit.

Solution
Begin by factoring the numerator and dividing out any common factors.

Factor numerator.

Divide out common factor.

Simplify.

Direct substitution

Simplify.

Now try Exercise 11.

This procedure for evaluating a limit is called the dividing out technique.
The validity of this technique stems from the fact that when two functions agree 
at all but a single number they must have identical limit behavior at 
In Example 1, the functions given by

and

agree at all values of other than

So, you can use to find the limit of f �x�.g�x�

x � �3.

x

g�x� � x � 2f �x� �
x2 � x � 6

x � 3

x � c.c,

 � �5

 � �3 � 2

 � lim
x→�3

�x � 2�

 � lim
x→�3 

�x � 2��x � 3�
x � 3

 lim
x→�3 

x2 � x � 6

x � 3
� lim

x→�3 
�x � 2��x � 3�

x � 3

lim
x→�3 

x2 � x � 6

x � 3

�5.�3x
�3

lim
x→�3 

x2 � x � 6

x � 3

11.2 Techniques for Evaluating Limits

What you should learn
● Use the dividing out technique

to evaluate limits of functions.

● Use the rationalizing technique

to evaluate limits of functions.

● Use technology to approximate

limits of functions graphically

and numerically.

● Evaluate one-sided limits of

functions.

● Evaluate limits of difference

quotients from calculus.

Why you should learn it
Many definitions in calculus involve

the limit of a function. For instance,

in Exercises 69 and 70 on page 768,

the definition of the velocity of 

a free-falling object at any 

instant in time involves 

finding the limit of a 

position function.

x �3.01 �3.001 �3.0001 �3 �2.9999 �2.999 �2.99

 x2 � x � 6
x � 3

�5.01 �5.001 �5.0001 ? �4.9999 �4.999 �4.99

Vibrant Image Studio 2010/used under license from Shutterstock.com
Grafissimo/iStockphoto.com
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The dividing out technique should be applied only when direct substitution 
produces 0 in both the numerator and the denominator. An expression such as has no
meaning as a real number. It is called an indeterminate form because you 
cannot, from the form alone, determine the limit. When you try to evaluate a limit of a
rational function by direct substitution and encounter this form, you can conclude 
that the numerator and denominator must have a common factor. After factoring and
dividing out, you should try direct substitution again.

Example 2 Dividing Out Technique

Find the limit.

Solution
Begin by substituting into the numerator and denominator.

Because both the numerator and denominator are zero when direct substitution
will not yield the limit. To find the limit, you should factor the numerator and 
denominator, divide out any common factors, and then try direct substitution again.

Factor denominator.

Divide out common factor.

Simplify.

Direct substitution

Simplify.

This result is shown graphically in Figure 11.11.

Figure 11.11

Now try Exercise 15.

1 2

2 

1, 1
2( )

f is undefined
when x = 1.

x 

y

f(x) = x − 1
x3 − x2 + x − 1 

 �
1

2

 �
1

12 � 1

 � lim
x→1 

1

x2 � 1

 � lim
x→1 

x � 1

�x � 1��x2 � 1�

 lim
x→1 

x � 1

x3 � x2 � x � 1
� lim

x→1 
x � 1

�x � 1��x2 � 1�

x � 1,

Numerator is 0 when x � 1.

Denominator is 0 when x � 1.

x � 1
x3 � x2 � x � 1

      

1 � 1 � 0

13 � 12 � 1 � 1 � 0

x � 1

lim
x→1 

x � 1

x3 � x2 � x � 1

0
0

Study Tip

In Example 2, the 
factorization of the
denominator can be

obtained by dividing by 
or by grouping as follows.

� �x � 1��x2 � 1�
� x2�x � 1� � �x � 1�

 x3 � x2 � x � 1

�x � 1�

Consider suggesting to your students that
they try making a table of values to estimate
the limit in Example 2 before finding it
algebraically. A range of 0.9 through 1.1
with increment 0.01 is useful.
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Rationalizing Technique
Another way to find the limits of some functions is first to rationalize the numerator of
the function. This is called the rationalizing technique. Recall that rationalizing the
numerator means multiplying the numerator and denominator by the conjugate of 
the numerator. For instance, the conjugate of is

Example 3 Rationalizing Technique

Find the limit.

Solution
By direct substitution, you obtain the indeterminate form 

Indeterminate form

In this case, you can rewrite the fraction by rationalizing the numerator.

Multiply.

Simplify.

Divide out common factor.

Simplify.

Now you can evaluate the limit by direct substitution.

You can reinforce your conclusion that the limit is by constructing a table, as shown
below, or by sketching a graph, as shown in Figure 11.12.

Now try Exercise 23.

The rationalizing technique for evaluating limits is based on multiplication by a
convenient form of 1. In Example 3, the convenient form is

1 �
�x � 1 � 1

�x � 1 � 1
.

1
2

lim
x→0 

�x � 1 � 1

x
� lim

x→0 
1

�x � 1 � 1
�

1

�0 � 1 � 1
�

1

1 � 1
�

1

2

x � 0 �
1

�x � 1 � 1
,

 �
x

x��x � 1 � 1�

 �
x

x��x � 1 � 1�

 �
�x � 1� � 1

x��x � 1 � 1�

 
�x � 1 � 1

x
� ��x � 1 � 1

x ���x � 1 � 1

�x � 1 � 1�

lim
x→0 

�x � 1 � 1

x
�

�0 � 1 � 1

0
�

0

0

0
0.

lim
x→0 

�x � 1 � 1

x

�x � 4.

�x � 4

x �0.1 �0.01 �0.001 0 0.001 0.01 0.1

f(x) 0.5132 0.5013 0.5001 ? 0.4999 0.4988 0.4881

−1 1 2 

1 

2 

3 

x 

y

0, 1
2( ) f is undefined

when x = 0.

f(x) =
x + 1 − 1

x

Figure 11.12
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Using Technology
The dividing out and rationalizing techniques may not work well for finding limits of
nonalgebraic functions. You often need to use more sophisticated analytic techniques to
find limits of these types of functions.

Example 4 Approximating a Limit Numerically

Approximate the limit:

Solution
Let 

Figure 11.13

Because 0 is halfway between and 0.001 (see Figure 11.13), use the average of
the values of at these two coordinates to estimate the limit.

The actual limit can be found algebraically to be 

Now try Exercise 37.

Example 5 Approximating a Limit Graphically

Approximate the limit:

Solution
Direct substitution produces the indeterminate 
form To approximate the limit, begin by using a 
graphing utility to graph as shown 
in Figure 11.14. Then use the zoom and trace features 
of the graphing utility to choose a point on each side 
of 0, such as and

Because 0 is halfway 
between and 0.0012467, use the 
average of the values of at these two coordinates 
to estimate the limit.

It can be shown algebraically that this limit is exactly 1.

Now try Exercise 43.

lim
x→0

 
sin x

x
�

0.9999997 � 0.9999997
2

� 0.9999997

Figure 11.14
x-f

�0.0012467
�0.0012467, 0.9999997�.

��0.0012467, 0.9999997�

f �x� � �sin x��x,

0
0.

−2

−4 4

2
f(x) = sin x

x

lim
x→0 

sin x

x
.

e � 2.71828.

lim
x→0

 �1 � x�1�x �
2.7196 � 2.7169

2
� 2.71825

x-f
�0.001

Create a table that shows values
of f(x) for several x-values near 0.

f �x� � �1 � x�1�x.

lim
x→0

 �1 � x�1�x.

Technology Tip

In Example 4, a graph
of 
on a graphing utility

would appear continuous at
(see below). But when

you try to use the trace feature 
of a graphing utility to determine

no value is given. Some
graphing utilities can show
breaks or holes in a graph 
when an appropriate viewing
window is used. Because the
hole in the graph of occurs 
on the axis, the hole is 
not visible.

y-
f

f �0�,

x � 0

f �x� � �1 � x�1�x
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One-Sided Limits
In Section 11.1, you saw that one way in which a limit can fail to exist is when a 
function approaches a different value from the left side of than it approaches from the
right side of This type of behavior can be described more concisely with the concept
of a one-sided limit.

or as Limit from the left

or as Limit from the right

Example 6 Evaluating One-Sided Limits

Find the limit as from the left and the limit as from the right for

Solution
From the graph of shown in Figure 11.15, you can see that for all 

Figure 11.15

So, the limit from the left is

Limit from the left

Because for all the limit from the right is

Limit from the right

Now try Exercise 49.

In Example 6, note that the function approaches different limits from the left and
from the right. In such cases, the limit of as does not exist. For the limit of a
function to exist as it must be true that both one-sided limits exist and are equal.x → c,

x → cf �x�

lim
x→0�

�2x�
x

� 2.

x > 0, f �x� � 2

lim
x→0�

�2x�
x

� �2.

−1−2 1 2

−1

1

2

x 

y

f(x) = −2

f(x) = 2

⏐2x⏐
xf(x) =

x < 0.f �x� � �2f,

 f�x� � �2x�
x

.

x → 0x → 0

x → c� f�x� → L2lim
x→c�

f �x� � L2

x → c� f�x� → L1lim
x→c�

f �x� � L1

c.
c

Existence of a Limit

If is a function and and are real numbers, then

if and only if both the left and right limits exist and are equal to L.

lim
x→c

f �x� � L

Lcf

You might wish to illustrate the concept 
of one-sided limits (and why they are 
necessary) with tables or graphs.
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Example 7 Finding One-Sided Limits

Find the limit of as approaches 1.

Solution
Remember that you are concerned about the value of near rather than at
So, for is given by and you can use direct substitution to obtain

For is given by and you can use direct substitution to obtain

Because the one-sided limits both exist and are equal to 3, it follows that

The graph in Figure 11.16 confirms this conclusion.

Now try Exercise 53.

Example 8 Comparing Limits from the Left and Right

To ship a package overnight, a delivery service charges $17.80 for the first pound and
$1.40 for each additional pound or portion of a pound. Let represent the weight of a
package and let represent the shipping cost. Show that the limit of as 
does not exist.

Solution
The graph of is shown in Figure 11.17. The limit 
of as approaches 2 from the left is

whereas the limit of as approaches 2 from 
the right is

Because these one-sided limits are not equal, the 
limit of as does not exist.

Figure 11.17

Now try Exercise 71.

x → 2f �x�

lim
x→2�

f �x� � 20.60.

xf �x�

lim
x→2�

f �x� � 19.20

xf �x�

x 

y

1 2 3 

16

17

18

19

20

21

22

Weight (in pounds) 

Overnight Delivery 

Sh
ip

pi
ng

 c
os

t (
in

 d
ol

la
rs

) 

For 0 < x ≤ 1, f(x) = 17.80

For 1 < x ≤ 2, f(x) = 19.20

For 2 < x ≤ 3, f(x) = 20.60

f

f �x� � �
17.80,

19.20,

20.60,

0 < x ≤ 1

1 < x ≤ 2

2 < x ≤ 3

x → 2f �x�f �x�
x

lim
x→1

f �x� � 3.

 � 3.

 � 4�1� � 12

 lim
x→1�

f �x� � lim
x→1�

�4x � x2�

4x � x2,f �x�x > 1,

 � 3.

 � 4 � 1

 lim
x→1�

f �x� � lim
x→1�

�4 � x�

4 � x,f �x�x < 1,
x � 1.x � 1f

f�x� � �4 � x,

4x � x2,

x < 1

x > 1

xf �x�

x 

y

−1−2 1 2 3 5 6 
−1

1

2

3

4

5

6

7
f(x) = 4 − x, x < 1

f(x) = 4x − x2, x > 1

Figure 11.16
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