6.1 The Indefinite Integral

Idea. Will introduce indefinite integral problems which, in practice, boil down to a
backwards derivative problem.

The Problem. (Indefinite Integral) In notation:

/:z:2dx =7

In words: Find the function F(x) so that F'(x) = 2.

Formally, we call F(x) the antiderivative of 2. The dx term just tells us that the variable
we are integrating with respect to is z.

Rmk. One major difference in solving integrals rather than derivatives is that we have
an entire family of functions which serves as a legal answer. Notice that all of the following
functions are antiderivatives of z%:
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Because we can always add a constant to any of these functions to get a new antiderivative,
we will give an answer with an unknown constant, which we will denote “C”. So our final
answer would be

1
/xQda: = §x3 +C

In the future, I may refer to %x?’ as the principal antiderivative of x2.




Basic Integral Rules. For f(x), g(x) some functions and k some number:

| (t@ £ 9@)ds = [ ardaz [ garts

(the integral “splits” under sums or differences.)
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/k~f(x)dx:k~/f(x)dx

(can pull out constant factors)

Antiderivative Rules, Plus C. (“ARPC”) Let k be a number. (be careful of k’s

constraints throughout these rules)

1.
/k de = kx + C
2.
bar= T 0 (kA1
/x SR (k#—1)
)
3.
/xkdarzln|x|+0 (k=-1)
(note that 2! is equivalent to I)
4.

/ek’” dx:%em—i—C (k #0)




Ex. Find the following indefinite integral.
/ (=5vx + 4v/x)dx
@ Rewrite using sum/difference rule.
— /(—5\/E)da:+/4\?/5dx
@ Rewrite using constant factor rule.

:(—5)/\/Eda:+4/{‘/5dx

@ Rewrite the radicals as powers.

= (—5)/x§dx+4/xédx

@ Apply ARPC 2 to each integral, with “4C” at the very end.
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Ex. Find the following indefinite integral.

/(560'5t - ;)dt

@ Rewrite using sum/diff and constant factor rules.

1
:5/£“ﬁ—7/¥ﬁ

@ Apply ARPC 4 (left term) and ARPC 3 (right term).

1
= Sﬁeo"r’t —7lnl|t|+C

= 10> —Tln|t| +C
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Ex. Perform the indicated multiplication and then integrate.

/x4(83: — T)dx

(1) Multiply.
= /(81’5 — 72Y)dx

@ Apply rewriting rules and any ARPCs.
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Ex. The marginal revenue from selling x toasters is 194 — 0.2x dollars per toaster. Find
the revenue function. (Hint: R(0) =0)

Recall: we think of integration as being inverse to taking the derivative, so

R(z) L R2)
@ Identify R'(z) and integrate.
R'(z) =194 — 0.2z
R(z) = /(194 —0.2z)dx

=194z — 0.12* + C (not explicit enough)

@ Solve for C'. Using our hint, we must have
R(0) = 194(0) — 0.1(0)* +C =0
C=0

@ State R(z) with the known value of C.

R(z) = 194z — 0.122



Ex. A manufacturer has determined that the marginal profit from the production and
sale of  ice cream makers is approximately 420 — 8z dollars per ice cream maker.

i Find the profit function if the profit from the production and sale of 16 ice cream makers
is $2400.

ii. What is the profit from the sale of 60 ice cream makers?
i @ Identify P’'(z) and integrate.
P'(z) =420 — 8z
Pl) = / (420 — 82)dx
=420z — 4a* 4+ C

@ Solve for C.

P(16) = 420(16) — 4(16)* 4+ C' = 2400
5696 + C' = 2400
C = —3296

@ State P(z) with the known value of C.

P(z) = 4202 — 42 — 3296

P(60) = 420(60) — 4(60)2 — 3296 = 7504

Ex. Find the antiderivative F(z) that satisfies the given condition.
F'(v) = —4e* + 627  F(0) =10
@ Integrate F’(x).
/(—46”” + 62%)dr = —4e” +22° + C



@ Solve for C.

F(0) = —4e” +2(0)* + C = 10
-4+ C=10 (since €” = 1)
C=14

@ State F(x).
F(z) = —4e” +22° + 14



