Higher Mathematics Integration

1. The graph of y = x* —4x is shown below. Calculate the shaded area.

'\ y=x"—4x

[9) 45 %

So the shaded area is 2% square units.

Areas below the x-axis

Care needs to be taken if part or all of the area lies below the x-axis. For
example if we look at the graph of y=x* —4:

A =’ —dhx The shaded area is gnienaby -
J.4(x2—4x)dx= XA }
! '3 2
O\ 4« = 4—3—2(4)2 —(L-2
: 3 3
1

_64_29_1
=3 32 3+2
=83 -30=21-30="-9.

In this case, the negative indicates that the area is below the x-axis, as can be
seen from the diagram. The area is therefore 9 square units.
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Higher Mathematics Integration

Areas above and below the x-axis

Consider the graph from the example above, with a different shaded area:

YA

)=  — dx From the examples above, the total shaded area is:
Areal+ Area2 = 2% +9=1 1% square units.
Area 1

-

W
WNH-----==
XV

Using the method from above, we might try to

o calculate the shaded area as follows:
! 5 [ x° 4x? ’
1 Area 2 I (x2—4x)dx= —— }
1 i 3 2 .
5° 2 1
= 5260 )-(3-2)
3
=15 _50-1+2
=124 _48=—62

Clearly this shaded area is not 6% square units since we already found it to
be 11% square units. This problem arises because Area 1 is above the x-axis,

while Area 2 is below.

To find the true area, we needed to evaluate two integrals:
f(xz — 4x) dx and Jj(xz - 4x) dx .
We then found the total shaded area by adding the two areas together.

We must take care to do this whenever the area is split up in this way.
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Higher Mathematics Integration

[ EXAMPLES
2. Calculate the shaded area shown in the diagram below.
Ja
y=3-2x—x"

D
Ao

To calculate the area from x=-3 to x=1:

X

- [SX - _%xa ]1_3

=(3()-(17 -1(1)’) = (3(-3) - (-3) - $(-3)’)
=(3-1-1)-(-9-9+9)

=3-1-%+9

=104  So the areais 104 square units.

We have already integrated the equation of the curve, so we can just
substitute in new limits to work out the area from x=1to x=2:

Ilz(S—Zx—xz)dxsz—xz —%f]j
=(32)- (27 -427)- (3 - -3
(o-4-9)-(-1-3)

Remember

The negative sign just

indicates that the area
lies below the axis.

_ 51 A1 .
=-23. So the area is 2 3 square units.

So the total shaded area is 10% + 2% =13 square units.
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Higher Mathematics Integration

3. Calculate the shaded area shown in the diagram below.
Ja y=x"+2x-24

2

—

First, we need to calculate the root between x =2 and x=5:
x*+2x—24=0
(x—4)(x+6)=0
x=4 or x=-06.
So the root is x =4

To calculate the area from x=2 to x=4:

4
r(x +2x— 24) dx —{x—3+zi—24x}
3 2

=[%x3+x2—24x]j
=($(4)"+(4) —24(4))- (32 + (2" - 24(2))
(& +16-96)—(§+4-48)
6

_>5
=35 36

= —17§ So the area is 17% square units.

To calculate the area from x=4 to x=5:
5
j(x +2x— 24)oix [% X0+ x° —2495]4

(35) +(5)" = 24(5)) - (5(4) + (4)" -24(4))
(125+25 120) (634+16—96)
61

el_15

5% So the area is 5% square units.

So the total shaded area is 17% + 5% = 22% square units.
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