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2.4 Trigonometric Models

LEARNING OBJECTIVES
In Section 2.4 you will learn how to:

A. Create a trigonometric model
from critical points or data

B. Create a sinusoidal model
from data using regression

INTRODUCTION

In the most common use of the word, a cycle is any series of events or operations
that occur in a predictable pattern and return to a starting point. This includes things
as diverse as the wash cycle on a washing machine and the powers of i. There are
a number of common events that occur in sinusoidal cycles, or events that can be
modeled by a sine wave. As in Section 2.3, these include monthly average tem-
peratures, monthly average daylight hours, and harmonic motion, among many
others. Less well-known applications include alternating current, biorhythm theory,
and animal populations that fluctuate over a known period of years. In this sec-
tion, we develop two methods for creating a sine model. The first uses informa-
tion about the critical points, where the cycle reaches its maximum or minimum
values. The second uses a set of data and the ability of a calculator to run a sinu-
soidal regression.

POINT OF INTEREST

The concept of modeling data with a function is actually very ancient. Early
function models consisted of a table of values, as in tracking the length of a
gnomon’s shadow (the protruding piece on a sundial) each hour of the day—
the precursor of the tangent function. Other tables kept track of the number
of daylight hours in each month, a phenomenon neatly modeled by a sine
function.

A. Critical Points and Sinusoidal Models

Although future courses will define them more precisely, we will consider critical
points to be inputs where a function attains a minimum or maximum value. If an
event or phenomenon is known to behave sinusoidally (regularly fluctuating between
a maximum and minimum), we can create an acceptable model of the form
y = Asin(Bx + C) + D given these critical points (the critical value and the result-
ing max/min) and the period. For instance, many weather patterns have a period of

2 2
12 months. Using the formula P = Eﬂ- we find B = ?ﬂ- and substituting 12 for P

gives B = % (always the case for phenomena with a 12-month cycle). The maximum

value of A sin(Bx + C) + D will always occur when sin(Bx + C) = 1, and the min-

imum at sin(Bx + C) = —1, giving this system of equations: max value

M = A(1) + D and min value m = A(—1) + D. Solving the system for A and D
. M—m M+ m .

gives A = and D = as before. To find C, assume the maximum and

2
minimum values occur at (x,, M) and (x;, m), respectively. We can substitute the
values computed for A, B, and D in y = Asin(Bx + C) + D, along with either
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WORTHY OF NOTE

For a complete review of solving
equations graphically using a
graphing calculator, see Appendix Il.
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(*2, M) or (x;, m), and solve for C. Using the minimum value (x;, ), where x = x,
and y = m, we have:
y = Asin(Bx + C) + D sinusoidal equation model
m = Asin(Bx; + C) + D substitute m for y and x, for x
m — D

= sin(Bx, + C) isolate sine function

Fortunately, for sine models constructed from critical points we have
y—D m— D
—

A A

, which is always equal to —1 (see Exercise 33). This gives a simple

. . 3 37
result for C, since —1 = sin(Bx, + C) leads to > = Bx,+Cor C= 5 Bx,.

Exercises 7 through 12 offer abundant practice with these ideas. Note how they’re used
in the context of an application.

m When the Spirit and Odyssey Rovers landed on Mars (January
2004), there was a renewed public interest in studying the planet.

Of particular interest were the polar ice caps, which are now
thought to hold frozen water, especially the northern cap. The
Martian ice caps expand and contract with the seasons, just as they
do here on Earth but there are about 687 days in a Martian year,
making each Martian “month” just over 57 days long (1 Martian
day = 1 Earth day). At its smallest size, the northern ice cap covers
an area of roughly 0.17 million square miles. At the height of win-
ter, the cap covers about 3.7 million square miles (an area about
the size of the 50 United States). Suppose these occur at the begin-
ning of month 4 (x = 4) and month 10 (x = 10) respectively.

(a) Use this information to create a sinusoidal model of the form
f(x) = Asin(Bx + C) + D, (b) use the model to predict the area
of the ice cap in the eighth Martian month, and (c) use a graphing
calculator to determine the number of months the cap covers less

than 1 million mi>.

Solution: O a. Assuming a “12-month” weather pattern, P = 12 and B = %
The maximum and minimum points are (10, 3.7) and
. o . 3.7 + 0.17
(4,0.17). Using this information, D = — - 1.935

3.7 —0.17 ) 3 )
and A = - 1.765. Using C = 5 Bx,, gives

c 3 77(4) Sm Th . del i
= —— — —(4) = —. The equation model is
2 6 6 a

5
flx) = 1.765 sin<76Tx + 677> + 1.935, where f(x) represents

millions of square miles in month x.
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b. For the size of the cap in month 8 we evaluate the function at
x = 8.

5
flx) = 1.765 sin<767x + 67T> + 1.935 sinusoidal equation model

S
6

= 2.8175 evaluate using a calculator

£(8) = 1.765 sin| —(8) + +1.935 substitute x — 8
6

In month 8, the polar ice cap will cover about 2,817,500 mi>.

c. Of the many options available, we opt to solve by locating the
5
points where Y, = 1.765 sin(Zx + 6”) +1.935and Y, = 1

intersect. After entering the functions on the Y= | screen,
we set an appropriate window. Here we set x € [0, 12] and
y € [—1,5] for a window with a frame around the output
values. On the TI-84 Plus, press 2nd = TRACE | (CALC)
S:intersect to find the intersection points. To four decimal
places they occur at x = 2.0663
and x = 5.9337. The ice cap

at the northern pole of
Mars has an area of less than \\.\
e

1 million mi® from early in the
second month to late in the fifth
month. The second intersection |InkerSeckion

. R - e e |
is shown in the figure.

NOW TRY EXERCISES 15 AND 16 3

While this form of “equation building” can’t match the accuracy of a regression
model (computed from a larger set of data), it does lend insight as to how sinusoidal
functions work. The equation will always contain the maximum and minimum val-
ues, and using the period of the phenomena, we can create a smooth sine wave that
“fills in the blanks” between these critical points.

m Naturalists have found that many animal populations, such as the
arctic lynx, some species of fox, and certain rabbit breeds, tend

to fluctuate sinusoidally over 10-year periods. Suppose that an
extended study of a lynx population began in 1990, and in the
third year of the study, the population had fallen to a minimum of
2500. In the eighth year the population hit a maximum of 9500.
(a) Use this information to create a sinusoidal model of the form
P(x) = Asin(Bx + C) + D, (b) use the model to predict the lynx
population in the year 1996, and (c) use a graphing calculator to
determine the number of years the lynx population is above

8000 in a 10-year period.
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2
Solution: O a. Since P = 10, we have B = Tg = % Using 1990 as year zero,

the minimum and maximum populations occur at (3, 2500) and

9500 + 2500
(8, 9500). From the information given, D = f = 6000,

9500 — 2500
and A = s = 3500. Using the minimum value we

3 9
have C = 777 - %(3) = Tg, giving an equation model of

(T 97
P(x) = 3500 sin (Sx + 10) + 6000, where P(x) represents the
lynx population in year x.

b. For the population in 1996 we evaluate the function at x = 6.

(T 9w
P(x) = 3500 Sln<5x + ) + 6000 sinusoidal function model

10
9
P(6) = 3500 sin[?(@ + 17(;} + 6000 substitute x = 6
=~ 7082 evaluate using a calculator

In 1996, the lynx population was about 7082.

c. Using a graphing calculator and the functions Y| =

9
3500 sm(sx + 10) + 6000 and Y, = 8000, we attempt to

find points of intersection. Enter the functions (press Y= ) and
set the viewing window (we used x € [0, 12] and

y € [0, 10,000]). On the TI-84 Plus, press 2nd | TRACE
(CALQC) 5:intersect to find where Y, and Y, intersect.

To four decimal places this occurs at x = 6.4681 and

x = 9.5319. The lynx population exceeded 8000 for roughly

3 yr. The first intersection is shown.
NOW TRY EXERCISES 17 AND 1813

This type of equation building isn’t limited to the sine function, in fact there are
many situations where a sine model cannot be applied. Consider the length of the
shadows cast by a flagpole or radio tower as the Sun makes its way across the sky.
The shadow’s length follows a regular pattern (shortening then lengthening) and
“always returns to a starting point,” yet when the Sun is low in the sky the shadow
becomes (theoretically) infinitely long, unlike the output values from a sine function.
In this case, an equation involving tan x might provide a good model, although the
data will vary greatly depending on latitude. We’ll attempt to model the data using
y = Atan(Bx £ C), with the D-term absent since a vertical shift in this context has
no meaning. Recall that the period of the tangent function is P = ﬂ and that +%
gives the magnitude and direction of the horizontal shift, in a direction opposite the
sign.
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m The data given tracks the

length of a gnomon’s
shadow for the 12 daylight
hours at a certain location
near the equator (positive
and negative values indi-
cate lengths before noon
and after noon). Assume
t = 0 represents 6:00 A.M.
(a) Use the data to find
an equation model of the

Hour of Length
the Day (cm)

00
29.9
13.9
8.0
4.6
2.1
0

o o1~ W N -~ O

Hour of Length
the Day (cm)

-2.1
8 —4.6
-8.0
10 -13.9
11 —29.9
12 —00

form L(r) = A tan(Bt = C). (b) Graph the function and scatter-plot.
(c) Find the shadow’s length at 4:30 p.m. (d) If the shadow is
6.1 cm long, what time in the morning is it?

Solution: O3 a. We begin by noting this phenomenon has a period of P = 12.

Using the period formula for tangent we solve for B: P = %

T T
gives 12 = —, so B = —. Since we want (6, 0) to be the

B

12

“center” of the function [instead of (0, 0)], we desire a

C
horizontal shift 6 units to the right. Using the ratio B

T

(with B = ) gives =6 = ——so C = ——. To
™ 2

12

find A we use the equation built so far:

™ T
—t— 2), and any data point to solve for A.

L(r) = Atan<12

12C

o

Using (3, 8) we obtain 8 = A tan{&@) - g)}
T
8=A tan<—4 simplify argument
YEz-AtanimHlLE-TAZD I'l. —8 =4 solve for A tan(j) -
' 4
. . T T

The equation model is L(7) = —8 tan(lzt - 2).
. I b. The scatter-plot and graph are shown in the figure to the left.
=B =0 c¢. 4:30 pM. indicates r = 10.5. Evaluating L(10.5) gives

T ar
L(l‘) = -8 tan(lzt — 2>

™

function model

L(10.5) = -8 tan|:(10.5) - 727} substitute 10.5 for t

12

—8 tan (37T>
8

~ —19.31
At 4:30 pM., the shadow has a length of |[—19.31| = 19.31 cm.

simplify argument

result
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d. Substituting 6.1 for L(r) and
solving for ¢ graphically gives
the graph shown, where we note

the day is about 3.5 hr old—it is |f

about 9:30 A.M.
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Inkerseckion
w=z.Ellazz Y=a8.1

NOW TRY EXERCISES 19 THROUGH 223

B. Data and Sinusoidal Regression

Most graphing calculators are programmed to handle numerous forms of polynomial
and nonpolynomial regression, including sinusoidal regression. The sequence of
steps used is the same regardless of the form chosen, and the fundamentals are
reviewed in Appendix III. Exercises 23 through 26 offer further practice with regres-
sion fundamentals. Example 4 illustrates their use in context.

IS The data shown give

the record high tem- o
perature for selected el
months for Bismarck, 1
North Dakota. (a) Use 3
the data to draw a 5
scatter-plot, then find -

Temp. Month Temp.
(°F) (Jan — 1) (°F)
63 9 105
81 11 79
98 12 65
109

a sinusoidal regression

model and graph both on the same screen. (b) Use the equation
model to estimate the record high temperatures for months 2, 6,
and 8. (c) Determine what month gives the largest difference
between the actual data and the computed results.

Source: NOAA Comparative Climate Data 2004.

Solution: = a. Entering the data and running the regression results in the
coefficients shown in Figure 2.41. After entering the equation
in Y, and pressing 200M = 9:Zoom Stat we obtain the graph

shown in Figure 2.42.

Figure 2.41

Figure 2.42
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Figure 2.43
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b. Using x = 2, x = 6, and x = 8 as inputs, projects record
high temperatures of 68.5°, 108.0°, and 108.1°, respectively.

c. In the header of L3, use Y;(LL1) ENTER | to evaluate the
regression model using the inputs from L1, and place the
results in L3. Entering L2 — L3 in the header of L4 gives the
results shown in Figure 2.43 and we note the largest difference

occurs in September—about 4°.

NOW TRY EXERCISES 27 AND 2813

Weather patterns differ a great deal depending on the locality. For example, the
annual rainfall received by Seattle, Washington, far exceeds that received by Cheyenne,
Wyoming. Our final example compares the two amounts and notes an interesting fact
about the relationship.

m The average monthly rainfall (in inches)

Solution:

for Cheyenne, Wyoming, and Seattle,
Washington, is shown in the table.

(a) Use the data to find a sinusoidal
regression model for the average
monthly rainfall in each city. Enter or
paste the equation for Cheyenne in
Y, and the equation for Seattle in
Y,. (b) Graph both equations on the
same screen (without the scatter-
plots) and use TRACE oOr 2nd = TRACE
(CALC) S:intersect to help estimate the
number of months Cheyenne receives
more rainfall than Seattle.

Source: NOAA Comparative Climate Data 2004.

Month
(Jan. > 1)

© 00 N o o &~ W N =

= |
- O

12

wy
Rain
0.45
0.44
1.05
1.55
2.48
2.12
2.26
1.82
1.43
0.75
0.64
0.46

WA
Rain
5.13
4.18
3.75
2.59
1.77
1.49
0.79
1.02
1.63
3.19
5.90
5.62

a. Setting the calculator in Float 0 1 2K} 4 56 7 8 9 mobe and
running sinusoidal regressions gives the equations shown in

Figure 2.44.

b. Both graphs are shown in Figure 2.45. Using the TRACE

feature, we find the graphs intersect at approximately (4.7, 2.0)
and (8.4, 1.7). Cheyenne receives more rain than Seattle for
about 8.4 — 4.7 = 3.7 months of the year.

Figure 2.44

Figure 2.45
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NOW TRY EXERCISES 29 AND 3003
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The exercise set offers additional significant and interesting applications, and
many more can be found by searching the Internet for data generated by sinu-

soidal phenomena.

The keystrokes illustrated refer to a TI-84 Plus model.
For other models please consult your manual or visit
our Internet site.

In the process of using a calculator to explore
data sets, extensive work is done with lists, regres-
sions, equations, tables, and graphs, with these and
other features combined. With so many ideas working
together, it helps to be aware of the most common
mistakes and how to correct them. The following list
is not exhaustive, but could prove helpful when using
graphing and calculating technology in support of
your studies.

1. Break: You accidently skip a data entry;

Fix: 2nd peL  (INS).

The calculator will insert a new position between

the cursor location and the previous datum.

2. Break: You enter data in the wrong list, say L2
instead of L1; Fix: Use L1 = L2.
Place the cursor in the heading of List1 and
press 2nd 2 (L2) ENTER . The calculator
will automatically copy the contents of L2 into
L1. You can then overwrite or DEL the entries
in L2.

3. Break: You accidently delete a List name;

Fix: Reset List names using 5:SetUpEditor.

Using STAT b:SetUpEditor will reset list names
to the default L1 through L6, without affecting
the data in any list. Use with caution in case you
have Lists stored under custom names.

4. Break: You get the message ERR:DIM MISMATCH;

Fix: several.

This usually occurs when the lists used to run
a regression have an unequal number of
entries (one was overlooked or accidently

deleted). The primary fix is to double-check the
Lists and find the missing entry. If you are
investigating the regression equation and no
longer need a scatter-plot, try turning the plots
off ( 2nd v= (STATPLOT)) so the calculator
won't recognize the lists.

Break: The axes do not show up on the GRAPH
screen; Fix:  2nd zoom AXESON.

Some programs run on the Tl will “turn-off” the
axes so they don't interfere with how the program
is displayed. Just turn them back on.

Break: You get the message ERR:WINDOW
RANGE; Fix: reset window size.

This occurs if you accidently enter Ymax <
Ymin or Xmax < Xmin (other situations as well).
Simply double-check and correct the entries for
window size.

Break: You get the message ERR:domain;

Fix: check context/adjust data.

Most of the time this happens when the form of
regression you’'ve chosen can’t use zero entries.
Rethink the context of the data and try another
form of regression, or replace the zero with 0.001.
(Use with caution! 0 # 0.001 and sometimes
results can be significantly affected.)

Exercise 1: In Example 4, suppose the entry 98° was

accidently skipped when inputting the data.
Do you place the cursor on the 81 or the
109 before pressing 2nd DEL  (INS)?

Exercise 2: While working through Example 5,

the temperatures for Seattle were
accidently listed in L1 instead of L3
where you wanted them. How do you
move the entries to L3?



