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T e

Sae Exercise 69 on.
pege 484 for an example of how
solving a trigonometric equation

can help answer quastions
about the unemployment rate
in the Unitad States.
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Solving Trigonometric Equations

Introduction o  Equations of Quadratic Type o Functions Involving
Multiple Angles o  Using Inverse Functions

Introduction

To solve a trigonometric equation, use standard algebraic techniques such as
collecting like terms and factoring. Your preliminary goal is to isolate the
trigonometric function involved in the equation.

-
EXAMPLE 1 Solving a Trigonometric Equation

Zsinx =1 =0 Origina! equation
2sinx =1 Add 1 1o both sides.
sinx =3 Divide both sides by 2.
To solve for x, note in Figure 5.2 that the equation sin x = '_ has solutions

= /6 and x = 57/6 in the interval [0, 277). Moreover, because sin x has a
period of 277, there are infinitely many other solutions, which can be written as

x=7/6 + 2nmw and x=57/6 + 2nw General solution

where # is an integer, as shown in Figure 5.2,
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Another way to see that the equation sinx = % has infinitely many
solutions is indicated in Figure 5.3. For 0 € x < 2, the solutions are x = 7/6
and x = 57/6. Any angles that are coterminal with 7/6 or 57/6 will also be
solutions of the equation.



TECHNOLOGY

The solutions in Examples 2
and 3 are obtained analytical-
ly. You can use a graphing
utility to confirm the solu-
tions graphically. For
instance, to confirm the solu-
tions found in Example 3,
sketch the graph of

y=3tan’x — 1
as shown below.
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=
EXAMPLE 2 Collecting Like Terms

Solve sinx + 2 = —sinx.

Solution
Your goal is to rewrite the equation so that sin x is isolated on one side of the
equation.
sinx + V2 = —sinx
sinx + sinx = —./2

Original equation

Add sin x to, and subtract /2 from, both sides

2sinx = —./2 Combine like terms.
2
sinx = — \—;_ Divide both sides by 2.

Because sin x has a period of 2, first find all solutions in the interval [0, 2m).

These are x = 57/4 and x = 77/4. Finally, add 2n# to each of these solutions

to get the general form
5

X = 417 + 2nw and

T
X = '4 + 2nw General solution

where 1t is an integer.

=]

EXAMPLE 3 Extracting Square Roots
Solve 3tan’x — 1 = 0,

Solution

Your goal is to rewrite the equation so that tan x is isolated on one side of the
equation,

3tan’x—-1=0 Originai equation
3tan’x = | Add 1 10 both sides,
e 1
tan“x = 3 Divide both sides by 3.
tanx = £ \/—5 Extract square roots

Because tan x has a period of , first find all solutions in the interval [0, ).
These are x = /6 and x = 57/6. Finally, add nm to each of these solutions to
get the general form

T
x=<+nw and X = + nw Generai solution

6 6

where # is an integer.
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The equations in Examples 1, 2, and 3 involved only one trigonometric
function. When two or more functions occur in the same equation, collect all
terms on one side and try to separate the functions by factoring or by using
appropriate identities. This may produce factors that yield no solutions, as
illustrated in Example 4,

a
EXAMPLE 4 Facloring

Solve cot ¥ cos® v = 2 col x.

Serduiticn
cotxcos*x = 2cotx Original equation
colvcosix —2cotx =0 Subtract 2 col x from both sides,
cot x{cos*x —2) =0 Factor,

By setting cach of these factors equal to zero, you obtain the following.

cotv =0 and cos’x—=2=10
™ -
x= cosx =2
2
cosx =2

No solution is obtained from cos x = = /2 because + /2 are outside the range
of the cosine function. Therefore, the general form of the solution is obtained
by adding multiples of wtox = /2, to get

ki)
x = £ +nw General solution

where # is an integer. You can confirm this graphically by sketching the graph
of y = cot xcos® x — 2 cotx, as shown in Figure 5.4.

NOTE In Example 4, don’t muke the mistake of dividing both sides of the
equation by cot x. If you do this, you lose the solutions. Can you see why? am

Equations of Quadratic Type

Many trigonomelric equations are of quadratic type. Here are a couple of
examples.

Quadratic in sin x Quadratic in sec x
2sin?x —siny=1=0 sec?x — 3secx—2=0
2sinx)? — (sinx) - 1 =0 (sec x¥)* — 3(secx) =2=10

To solve equations of this type, factor the quadratic or, if this is not possible,
use the Quadratic Formula.



NOTE In Example 5, the general
solution would be

T +9
x = 2nm
6

IBE
= -+ 2,
X = 6 ki)

T
x = + 2nw

where n1 is an integer. ==
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EXxAMPLE 5 Factoring an Equation of Quadratic Type
Find all solutions of 2 sin* x — sinx = 1 = 0 in the interval [0,2%).
Solution
Begin by treating the equation as a quadratic in sin x and factoring.
2sinlx—sinx—1=0 Original equation
(2sinx+ )fsinx—1)=0 Factor.

Setting each factor equal to zero, you obtain the following solutions.

2sinx+1=0 and sinx—1=0
oo 1 in £ 1
sinx = 2 sinx =
_Im l=n -

6' 6 =5

When working with an equation of quadratic type, be sure that the equation
involves a single trigonometric function, as shown in the next example.

||

ExAMPLE 6 Rewriting with a Single Trigonometric Function
Solve 2sin*x + 3cosx — 3 = 0.

Solution

This equation contains both sine and cosine funclions. You can rewrite the
equation so that it has only cosine functions by using the identity sin®x =
1 ~ cos?x,

2sin’x + 3cosx—3 =0 Original equation
2(1 — cos?x) + 3cosx — 3 =10 Pythagorean identity
2cos2x —3cosx+1=0 Multiply both sides by —1.
(2cosx = I)(cosx— 1) =0 Factor.

By setting each factor equal to zero, you can find the solutions in the interval
[0,2m) tobex = 0,x = m/3, and x = 57/3. The general solution is therefore

T 5w
X = 2’]77-' X = 3 + 2,171-, x = 3 + 2nr General solution

where » is an integer,
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NOTE In Example 7, the general
solution would be

o
x=—++2nw
2

x= g+ 2nw

where it is an integer. =s

Sometimes you must square both sides of an equation to obtain a quadratic,
as demonstrated in the next example. Because this procedure can introduce
extraneous solutions, you should check any solutions in the original equation to
see if they are valid or extraneous.

-
ExAMPLE 7 Squaring and Converting to Quadratic Type
Find all solutions of cos x + 1 = sin x in the interval [0, 2).

Solution

It is not clear how to rewrite this cquation in terms of a single trigonometric
function. See what happens when you square both sides of the equation.

cosx+ | =sinx Original equation
cos?x 4+ 2cosx+ 1 =sinx Square both sides
cos?x+2cosx+1=1=cos’x Pythagorean identity
2cos’x + 2cosx =0 Combine like terms,
2cosx{cosx + 1) =0 Factor.

Setting each factor equal to zero produces the following.

2cosx =0 and cosx+ 1 =0
cosx =0 cosx = =1
T 3w
T2 S

Because you squared the original equation, check for extraneous solutions. Of
the three possible solutions, x = 37/2 is extraneous. (Try checking this.) Thus,
in the interval [0, 2r), the only two solutions are x = 7/2and x = 7.

P Cploration

Use a graphing utility to confirm the solutions found in Example 7 in
two different ways. Do both methods produce the same x-values?
Which method do you prefer? Why?

1. Graph both sides of the equation and find the x-coordinates of the
points at which the graphs intersect.

Left side: y = cosx + 1 Right side: y = sinx

2. Graph the equation y = cos x + 1 — sin x and find the x-intercepts
of the graph.
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Functions Involving Multiple Angles

s
ExAmPLE 8 Functions of Multiple Angles

Find all solutions of 2cos 3t — 1 = 0,

Solution
2ecosIr—1=0 Original equation
2cos3t =1 Add | to both sides
1
cos 3r = 2 Divide both sides by 2,

In the interval [0, 27), you know that 3r = 7/3 and 3¢ = 57/3 are the only
solutions so that, in general, you have

5
=" 42w and 3t =0+ 2um
3 3
Dividing this result by 3, you obtain the general solution
2 5
= g+ gw and S 97T + 21;7 General solution

where n is an integer.

-
EXAMPLE 9 Functions of Multiple Angles
Find all solutions of 3 tan(x/2) + 3 = 0.

Solution
X
3 tan 2 +3=0 Original equation
x
3 tan 2 = -3 Subtract 3 from both sides.
x
tan 5 = -] Divide both sides by 3.

In the interval [0, #), you know that x/2 = 37/4 is the only solution so that,
in general, you have
x _ 3w

“+
2 4 T

Multiplying this result by 2, you obtain the general solution

3w ;
X = 2 + 2nmw General solution

where # is an integer.
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From 1985 through 1994, the unem-
ployment rate varied between 5.3%
and 7.4%. To see the cyclical nature of
the unemployment rate during these
years, see Exercise 69 on page 484.

Using Inverse Functions

ExampLE 10 Using Inverse Functions

Find all solutions of sec* x — 2 tanx = 4.

Solution
sec’x — 2tanx = 4 Original equation
| +tan‘y = 2any — 4 =10 Pythagorean identity
tan”x — 2tanxy — 3 =0 Combine like terms
(tanx = 3)ganx + 1) =0 Fuctor.

Sewning cach factor equal to zero, you obtain two solutions in the interval
(—m/2, w/2). [Recall that the range of the inverse tangent function is
(=2, w/2).]

tan x = 3, tanx = —1
k2
x = arctan 3 X = —4

Finally, by adding multiples of 7, you obtain the general solution

T
x=arctan 3 + nw and x= - 4 + N General solution

where n is an integer.
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: Group AcTiviTY
: EQUATIONS WITH NO SOLUTIONS

One of the following equations has solutions and the other two don’t.
Which two equations do not have solutions?

a. sinfx — Ssinx +6=0
b. sinfx —4sinx +6 =0
c. sinfx —3sinx —6=0

Can you find conditions involving the constants b and ¢ that will
guarantee that the equation

sinfx+ bsinx+c=0

has at least one solution on some interval of length 277






