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( EXAMPLE 5 |

Solution

y=log, x

(b) a>1
Figure 30

Finding the Domain of a Logarithmic Function

Find the domain of each logarithmic function.
1+x
@ F(x) =log(x +3) () () = loas(12) (@) h(x) = logyal

(a) The domain of F consists of all x for which x + 3 > 0, that is, x > —3. Using
interval notation, the domain of Fis (=3, ).

(b) The domain of g is restricted to

1+x
1 —x

>0

Solve this inequality to find that the domain of g consists of all x between —1
and 1, thatis, —1 < x < 1, or, using interval notation, (=1, 1).

(c) Since |x| > 0, provided that x # 0, the domain of / consists of all real numbers
except zero, or, using interval notation, (—00,0) U (0, 00). ()
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Graph Logarithmic Functions

Because exponential functions and logarithmic functions are inverses of each other,
the graph of the logarithmic function y = log, x is the reflection about the line
y = x of the graph of the exponential function y = a*, as shown in Figure 30.

For example, to graph y = log, x, graph y = 2* and reflect it about the line

1 X
y = x. See Figure 31.To graph y = log;/; x, graphy = <3> and reflect it about the
line y = x. See Figure 32.
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The graphs of y = log,x in Figures 30(a) and (b) lead to the following properties.

Properties of the Logarithmic Function f(x) = log,x;a > 0,a # 1

1. The domain is the set of positive real numbers, or (0, c0) using interval
notation;the range is the set of all real numbers, or (— 00, ©0) using interval
notation.

The x-intercept of the graph is 1. There is no y-intercept.
The y-axis (x = 0) is a vertical asymptote of the graph.
A logarithmic function is decreasing if 0 < a < 1 andisincreasingifa > 1.

1
The graph of f contains the points (1,0), (a,1), and (a’ —1).

CAN U A

The graph is smooth and continuous, with no corners or gaps.
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y = log, xiswritten y = Inx. ‘

=)
d Seeing the Concept
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If the base of a logarithmic function is the number e, the result is the natural
logarithm function. This function occurs so frequently in applications that it is given
a special symbol, In (from the Latin, logarithmus naturalis). That is,

[ y=Inx

ifand onlyif x = ¢’

@ |

Because y = In x and the exponential function y = e* are inverse functions, the
graph of y = In x can be obtained by reflecting the graph of y = e* about the line

y = x. See Figure 33.

Using a calculator with an key, we can obtain other points on the graph of

f(x) = Inx. See Table 7.

y Table7 | x Inx
5_
1 —0.69
L 2
y=e* -
Graph Y; = € and Y, = Inx on the | y=x 2 0.69
same square screen. Use eVALUEate to (1’ e) 3 1.10
verify the points on the graph given in L
Figure 33. Do you see the symmetry of
the two graphs with respect to the line ( 1)(0‘ 1) y=Inx
= x? -1, _94—'/ (6’, 1
g J | | | | |
y=0-3 (1,0) 3 X
71 |
EAO)
[
Figure 33 x=0
( EXAMPLE 6 ] Graphing a Logarithmic Function and Its Inverse
(a) Find the domain of the logarithmic function f(x) = —In(x — 2).

(b) Graph f.

(c) From the graph, determine the range and vertical asymptote of f.

(d) Find 1, the inverse of f.

(e) Find the domain and the range of f .

(f) Graph L.

(a) The domain of f consists of all x for which x — 2 > 0, or equivalently, x > 2.
The domain of fis {x|x > 2}, or (2, o) in interval notation.

(b) To obtain the graph of y = —In(x — 2), begin with the graph of y = In x and
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(3,0)
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Replace x by
X — 2; shift
right 2 units.

Solution
use transformations. See Figure 34.
y y
3 3L
x=0 x=0
- -
1+ 1)
| | | |
—1 (1,0) 3 X A
~1H# G 1)
I~ o =
Multiply by — 1;
reflect about the
Figure 34 (@ y=Inx xeaxis. (b) y=—Inx

w

\’5\ X
(e+2, —1)

) y=-In(x-2)
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y=x

Figure 36

(c) The range of f(x) = —In(x — 2) is the set of all real numbers. The vertical
asymptote is x = 2.[Do you see why? The original asymptote (x = 0) is shifted
to the right 2 units.]

(d) To find f7!, begin with y = —In(x — 2). The inverse function is defined
implicitly by the equation

x=—-In(y —2)

Now solve for y.

—x = 1In(y — 2) lsolate the logarithm.
er=y—-2 Change to exponential form.
y=e*+2 Solve fory.

The inverse of fis f1(x) = e ™™ + 2.

(e) The domain of ™! equals the range of f, which is the set of all real numbers,
from part (c). The range of ! is the domain of f, which is (2, 00) in interval
notation.

(f) To graph f!, use the graph of f in Figure 34(c) and reflect it about the
line y = x. See Figure 35. We could also graph f~'(x) = e ™ + 2 using

transformations.
L X=2

(-1, e+2) -

N ! y=x
100 =e+2\ 03 :
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-------- e R e
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1
Figure 35 o
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If the base of a logarithmic function is the number 10, the result is the common
logarithm function. If the base a of the logarithmic function is not indicated, it is
understood to be 10. That is,

[ y = logx ifandonlyif x = 10" ]

Because y = log x and the exponential function y = 10* are inverse functions,
the graph of y = log x can be obtained by reflecting the graph of y = 10" about the
line y = x. See Figure 36.
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( EXAMPLE 7 |

Solution

Graphing a Logarithmic Function and Its Inverse

(a) Find the domain of the logarithmic function f(x) = 3log (x — 1).
(b) Graphf.

(c) From the graph, determine the range and vertical asymptote of f.
(d) Find !, the inverse of f.

(e) Find the domain and the range of f .

(f) Graph 1.

(a) The domain of f consists of all x for whichx — 1 > 0, or equivalently, x > 1.
The domain of fis {x|x > 1}, or (1, ©0) in interval notation.

(b) To obtain the graph of y = 31log(x — 1), begin with the graph of y = log x and
use transformations. See Figure 37

Figure 37

(@) y=log x

F1(x) = 103 + 1
(3,11 y=x

f(x) = 3log (x — 1)
(11,3)

e A

_2—2-?{2\, 0)

x=1

Figure 38

4 6 8 10 12x

Replace x by x—1;
horizontal shift right
1 unit.

Multiply by 3; vertical
stretch by a factor of 3.

(b) y=log (x 1) (c) y=3log (x — 1)

(c) The range of f(x) = 3log(x — 1) is the set of all real numbers. The vertical
asymptote is x = 1.

(d) Begin with y = 3log(x — 1). The inverse function is defined implicitly by the
equation

x=3log(y — 1)

Proceed to solve for y.

X

3= log (y — 1) Isolate the logarithm.
107 =y -1 Change to exponential form.

y = 103 + 1 Solve for y.

The inverse of fis f1(x) = 10 + 1.
(e) The domain of f~!is the range of f, which is the set of all real numbers, from
part (c). The range of f ! is the domain of f,which is (1, ) in interval notation.

(f) To graph f !, use the graph of fin Figure 37(c) and reflect it about the line y = x.
See Figure 38. We could also graph f~!(x) = 10°° + 1 using transformations.
([
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5 Solve Logarithmic Equations

Equations that contain logarithms are called logarithmic equations. Care must be
taken when solving logarithmic equations algebraically. In the expression log, M,
remember that ¢ and M are positive and a # 1. Be sure to check each apparent
solution in the original equation and discard any that are extraneous.

Some logarithmic equations can be solved by changing the logarithmic equation
to exponential form using the fact that y = log,x means a* = x.

( EXAMPLE 8 |

Solution

Solving Logarithmic Equations

Solve:

(a) logz(4x —7) =2 (a) log, 64 =2

(a) To solve, change the logarithmic equation to exponential form.

logs(4x —7) =2

4x — 7 =3? Changeto exponential form.

dx —7=9
4x = 16
x =4

Check: logs(4x — 7) = log3(4-4 —7) =log3 9=2 2° =29

The solution set is {4}.
(b) To solve, change the logarithmic equation to exponential form.

log, 64 =2
x* = 64 Change to exponential form.
x = V64 = £8 SquareRoot Method

Because the base of a logarithm must be positive, discard —8. Check the potential
solution 8.

Check: logg64 =2 &% = 64
The solution set is {8}. )

( EXAMPLE 9 |

Solution

Using Logarithms to Solve an Exponential Equation

Solve: e* = 5

To solve, change the exponential equation to logarithmic form.

e =5
In5 = 2x Change to logarithmic form.
In5 ,
X = T Exact solution

=~ (0.805 Approximate solution

1
The solution set is { 1125 } )
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