5.3

What you’ll learn about
* Properties of Definite Integrals
* Average Value of a Function

* Mean Value Theorem for
Definite Integrals

 Connecting Differential and
Integral Calculus

...and why

Working with the properties of
definite integrals helps us to
understand better the definite
integral. Connecting derivatives
and definite integrals sets the
stage for the Fundamental
Theorem of Calculus.
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‘ Definite Integrals and Antiderivatives

Properties of Definite Integrals

In defining fabf(x) as a limit of sums X ¢; Ax;, we moved from left to right across the
interval [a, b]. What would happen if we integrated in the opposite direction? The integral
would become |, ba f(x) dx—again a limit of sums of the form 2 f(c;)Ax;—but this time
each of the Ax;’s would be negative as the x-values decreased from b to a. This would
change the signs of all the terms in each Riemann sum, and ultimately the sign of the def-
inite integral. This suggests the rule

a b
J f(x)dx = —f f(x) dx.
b a

Since the original definition did not apply to integrating backwards over an interval, we
can treat this rule as a logical extension of the definition.

Although [a, a] is technically not an interval, another logical extension of the definition
is that [ f(x) dx = 0.

These are the first two rules in Table 5.3. The others are inherited from rules that hold
for Riemann sums. However, the limit step required to prove that these rules hold in the
limit (as the norms of the partitions tend to zero) places their mathematical verification
beyond the scope of this course. They should make good sense nonetheless.

LELIGK® N Rules for Definite Integrals

a b
1. Order of Integration: f f(x)dx = —f f(x) dx A definition
b a

2. Zero:

Also a definition

ff(x)deO

Any number k

b b
3. Constant Multiple: J' kf(x) dx = kf f(x) dx
ab ’ b
f—f(x)dx=—f fx)dx k=1
ab ’ b b
4. Sum and Difference: f (f(x) = gx) dx = f f(x) dx = f g(x) dx

b c ¢
5. Additivity: J' f(x) dx + J f(x)dx = f f(x) dx
a b a

6. Max-Min Inequality: 1f max f and min f are the maximum and
minimum values of f on [a, b], then

b
minf-(b—a)Sff(x)demaxf-(b—a).

b b
7. Domination: f(x) = g(x) on[a, b] = f f(x)dx = f g(x) dx

b
f(x)ZOOH[a,b]sz(x)deO g=0
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EXAMPLE 1 Using the Rules for Definite Integrals
Suppose
1 4 1
f(x)dx =5, J f(x)dx= -2, and f h(x)dx =1.
-1 1 -1

Find each of the following integrals, if possible.

1 4 1
(a) f f(x) dx (b) J f(x) dx (© | [2f(x) + 3h(x)]dx
4 -1 ~1
1 2 4
(d) f f(x) dx (e | h(x) dx () f [f(x) + h(x)] dx
0 -2 ~1
SOLUTION

1 4
(a)ff(x)dx=—f f(x)dx=—(=2)=2
4 1

4 1 4
(b)f f(x)dx = f(x)dx+f f(x)dx=5+(-2)=3
-1 -1 1

| 1 1
© | [2f(x) +3h(x)]dx=2] f(x)dx+ 3f h(x)dx =2(5) + 3(7) =31
-1 -1 -1

(d) Not enough information given. (We cannot assume, for example, that integrating
over half the interval would give half the integral!)

(e) Not enough information given. (We have no information about the function &
outside the interval [—1, 1].)

(f) Not enough information given (same reason as in part (e)). Now try Exercise 1.

EXAMPLE 2 Finding Bounds for an Integral
Show that the value of fol V1 + cos x dx is less than 3/2.

SOLUTION

The Max-Min Inequality for definite integrals (Rule 6) says that min f- (b — a) is a
lower bound for the value of fab f(x) dx and that max f- (b — a) is an upper bound.

The maximum value of V1 + cosx on [0, 1]is V2, so
1
J V1+cosxdr=V2.(1-0)=V2.
0

Since fol V1 + cos x dx is bounded above by V2 (which is 1.414...), it is less
than 3/2. Now try Exercise 7.

Average Value of a Function

The average of n numbers is the sum of the numbers divided by n. How would we define
the average value of an arbitrary function f over a closed interval [a, b]? As there are in-
finitely many values to consider, adding them and then dividing by infinity is not an
option.





