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Graphing Polynomial Functions

Graphs of Cubic and Quartic Functions

A parent function is the most basic function
of a family of functions. It preserves the shape of the entire
family. The first graph models the function f(x) = x°, which is
the most basic cubic function. The third graph models the
function a(x) = x*, which is the most basic of the quartic
functions. Adding terms to the function and/or changing
the leading coefficient can change the shape, orientation,
and location of the graph of the function.

The degree and leading coefficient of a polynomial function
can tell you about the graph of a function. They influence the
end behavior of the graph, which is the behavior of the graph
as x approaches positive infinity (x —> + ) or negative infinity

(x —> —).

The end behavior of f(x): As x —> +%, f(x) —> +<, and
as x—> — %, f(x) —> —o.

The end behavior of a(x): As x —> 4+, a(x) —> +, and
as x—> —x, a(x) —> +o.

The degree can tell you if the arms of the graph go in opposite
directions or in the same direction.

* The degree of f(x) is odd, so the arms go in opposite
directions.

* The degree of a(x) is even, so the arms of the graph
go in the same direction.

The leading coefficient can tell you as x approaches +o
whether the function will approach + or —. Graphically,
this means whether the right arm of the graph is pointing
up or down.

* The leading coefficient of g(x) is positive so as x —» +,
9(x) —> +c0. This means the right arm of the graph
is pointing up.

* The leading coefficient of c(x) is negative so as x —» +x,
c(x) —> —o. This means the right arm of the graph is
pointing down.
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—& Connect

Analyze each function. Describe the end behavior of the function, determine the sign of the leading
coefficient, whether it is even or odd degree, and the graph'’s parent function.
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f(x) =4x* + 6x° + 3

Describe the graph in part a.

b.

d.

The end behavior is a(x) —> +o% as x —> +
and a(x) —> —w as x—> —». Since the
arms go in opposite directions, it is an odd-
degree function. The leading coefficient is

glx) = —2x° + 4x° + 5x — 3

®

positive because a(x) —> + as x—3 4o Describe the graph in part b.
and the rjght arm p30ints. u'p. Its pfarent R EEEE > The end behavior is b(x) —> — as x—3 +oo
function is a(x) = x°, so it is a cubic function. and b(x) —> —as x —> —o. Since the
b d arms go in the same direction, it is an even-
degree function. The leading coefficient
is negative because b(x) —> —« as x —> +o
Describe the function in part c. h and tbe r.ight arm aoints: o.lown. Its !oarent
P function is b(x) = x”, so it is a quartic
The end behavior can be described as function.
follows: As x approaches both +o and —o, - -
f(x) —> +<. Since f(x) —> +was x—> +x
and the leading coefficient is positive, the
right arm of the graph will point up. The
leading term is raised to the 4th power, @ )
which means this is an even quartic function Describe the function in part d.
with f(x) = x* as the parent function. | -
) The end behavior can be described as
follows: As x —» +», g(x) —> —», and as
X —> —©, g(x) —> +. Since g(x) —> —
~ as x —» + and the leading coefficient is
. . negative, the right arm of the graph will
Why is it .true that f(x) = f(—x) forall xin point down. The leading term is raised
the function from part c? to the 3rd power, which means this is an
Would it be possible for a cubic function odd cubic function with f(x) = x° as the
to be even? parent function.
\ J \ Y,
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Graphing and Factoring

The roots of a polynomial are the zeros of its related function. These are

the values for which f(x) = 0. When the graph of a function equals O, it touches the x-axis.
Therefore, the x-intercepts of a graph give the zeros of the function. Not all zeros of
polynomial functions are real numbers. The x-intercepts show only the real zeros of a function.
Identifying the real roots of a function can help you to factor it.

Graphs of higher-order polynomials may have several x-intercepts. The number of times a
graph crosses or touches the x-axis tells you the number of real roots it has.

A quintic (5th-degree) and a quartic function are shown.

fix) = x5+ 2x* — 3x* + 10 gx) = —x*+3x2—2x—7
y y
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The quintic function has arms that point in different directions, like cubic functions. This is
true of all functions with an odd degree. This means that the range is (—, ). Since the range
includes O, the graph must cross the x-axis at least once. We can conclude, then, that all
functions with an odd degree have at least 1 real root.

For functions with an even degree, such as the quartic function shown, both ends increase to «

or decrease to —. This means that the graph may or may not touch the x-axis. The graph shown
above, for example, has no x-intercept. We can conclude, then, that a function with an even degree
may or may not have any real roots. It will, however, have at least one root that may be complex.

Then end behavior is the behavior of the graph as x approaches positive infinity (x —> +©)

or negative infinity (x —> —x). The leading coefficient of a polynomial function is a factor in
determining the end behavior of a graph. The leading coefficient for f(x) is positive, so as

X —> 40, f(x) —> +. For g(x), the leading coefficient is negative, so as x —» +x, g(x) —> —.

'DILRIENIIS Factoring a polynomial function can help in sketching its graph by allowing you
to quickly find its x-intercepts. Substitute O for x to find its y-intercept at (0, f(0)).

You can also use other attributes to get a general idea about the shape of a graph:
* Look at the degree to determine the general shape.
* Look at the leading coefficient, along with the degree, to predict end behavior.

* Determine if a function is even or odd. This will tell you if it is symmetrical about the
y-axis or the origin.
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—& Connect

Find the zeros of the polynomial from its graph. Then, write the polynomial in factored form.

y

Identify the x-intercepts. 1 Find the binomial factors.

The graph crosses the x-axis at (—5, 0), ----»| The point(—5, 0) means that —5 is a root.
(=2, 0),and (2, 0).

If a polynomial has root a, then (x — a) is a
factor of the polynomial.

So, the root —5 corresponds to the factor
[x — (=5)], or (x + 5).

3 ~ Since —2 isaroot, (x + 2) is a factor of the
Write the polynomial in factored form. polynomial.
All three real zeros have been identified [€----1 Slnlce 2 '5, al root, (x — 2)is a factor of the
from the graph. Write the polynomial as polynomiat.
the product of the factors associated with S -
each zero.
) The graph shows zeros at —5, —2, and 2.
9 The polynomial modeled by the graph TR%J )
é’ is (x + 2)(x — 2)(x + 5). Find the zeros of the polynomial from
8 \- ~ its graph.
£ y
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FEVTTINFN Sketch the graph of the function f(x) = —x* + 17x* — 16.

1 L) ~\
Factor the polynomial to find the zeros of
the function.

Factor out —1to get —1(x* — 17x* + 16).

Treat the expression as a quadratic in which
the variable is x°.

2 . .
Let z = x°, and rewrite the expression as a

quadratic.
-2 - 17z+16)=-1(z—16)z—1) |
Substitute x* back into the expression. ;
—1(¢ = 16)(x* — 1) @ . .
Find the intercepts of the graph.
The quadratic factors are both a difference
of squares. Each real zero of the function gives an
The completely factored polynomial is x-intercept of the graph.
—1(x — 4)(x + 4)(x + 1)(x — 1). The x-intercepts are (—4, 0), (=1, 0), (1, 0),
The zeros are —4, —1, 1, and 4. and (4, 0).
_ y, Find f(O) to find the y-intercept.
f(0) = —(0)* + 17(0)* — 16 = —16
! o The y-interceptis (0, —16)
¥ \
3 Y <
Look at the leading term to determine | = =~ N
the overall shape and end behavior of Y
the graph. .
(o
The leading term is —x*. This rr.1eans that ~/ Sketch the graph.
both ends of the graph will point down.
\_ J y
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Sketch the graph of 32
gx)=x>— 4x° + x + 6.
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FEVIINAY Sketch the graph of the function f(x) = x*> + x* + 2x + 2.

1 w
Factor the polynomial to find the zeros
of the function.

Factor by grouping.
XX+ 2x+2=0C+X) +(2x+2)
=x(x+1)+2(x+1)
=+ 2)x+1)

The quadratic factor has noreal zeros. [~ """""""°°~ R
Complex zeros do not give x-intercepts, so ;
we do not need to find the complex zeros. Cz\ ;
~
The other factor, x + 1, indicates that — 1 is ” Find the intercepts.
a zero of the function.
\. J The function has a zero at x = —1, so it has
an x-intercept at (—1, 0).
Find f(O) to find the y-intercept.
f(0)= (0’ + (0> +2(0) + 2 =2
." ------------ The y-intercept is (0, 2).
' g J
Y
(3) )
Look at the leading term to determine
the overall shape and end behavior of
the graph.
The leading term is x*. This means that the :
9 left arm will point down and the right arm ;
= will point up. 4 )
5 L y Sketch the graph.
S y
o
S 6
)
% 4
5 /&SCU /
z O\Sr\s& ~ 3 2 A o 1] 2 s X
o Find the zeros of the polynomial
> X'+ 4x> + 10x° + 12x + 5 using the -
E rational roots theorem. What do the -6
8 zeros tell you about the graph?
3 u J g J
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Practice

Describe the end behavior of each function.
1. 5¢+9x —13x—2
As x approaches —x, f(x) approaches

As x approaches +, f(x) approaches

2. —2x'— 905 +3x+2
As x approaches —x, f(x) approaches
As x approaches +, f(x) approaches
3. —-6xX+18¢°+7

As x approaches —x, f(x) approaches

As x approaches +, f(x) approaches

Find the real zeros of each function.

4. y 5.
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Choose the best answer.

6. Which of the following is not true of 7.  Which of the following is not true of

f(x) = 4x° — 8x> + 10? g(x) = —10x" — 90?

A. lts graph has at least one x-intercept. A. lIts graph has a y-intercept at (0, —90).

B. It has at least one real root. B. It has at least one real root.

C. Asxapproaches +x, f(x) approaches C. Asxapproaches —=, g(x) approaches
+oo, —0,

D. lIts graph has a y-intercept at (10, 0). D. Asxapproaches «, g(x) approaches

_w-

The graph of each function is shown. Write the function in factored form. Do not include
complex numbers.

8. f(X)=x>+5x+12x+18 9. gx)=2x"+x>—47x° — 25x — 75
y y

80
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Answer each question about the function. Then, sketch a graph of the function.

10. f(x)=x"—3x —10x + 24

Write the function in factored form: f(x) =

List the real zeros:

List all x-intercepts:

List the y-intercept:

Describe the end behavior:
As x approaches —, f(x) approaches
As x approaches =, f(x) approaches

Is the function even or odd?

Sketch a graph of the function.

Solve.

11. m‘ Two different graphs have the same x-intercepts. Find the equation of each function

modeled in standard form.

The graph of h(x) is shown.

The function is h(x) =
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The graph of j(x) is shown.

-6 4 _

The function is j(x) =
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12. @7 The graph of k(x) = x° — 4x* — 5x° + 20x* + 4x — 16 is shown.
y

AL A »
6 | -4 \/ 6

Describe the graph, and compare it to a cubic function with the same leading coefficient.
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