DIFFERENTIATION OF LOGARITHMIC FUNCTIONS

Recall the following facts about natural logarithms:
() Inx = log, x where e=2-71828...
(2) Inx and e* are inverse functions.
This means that:
(3) e™ =x (x>0)
4) In(e*) =x
The derivative of Inx (x> 0) can be found as follows.

Let y=Inx (x> 0).

Then y=lnx = e’ =x
= x=e’
: : . : dx
Differentiate both sides with respecttoy = - =e
34
dy 1 1 1
Now —=—=—=—,
de dx ¢ x
dy
Hence:
—Inx= 1 (x>0)
dx X

It is important to realise that this result can only be used to differentiate Inx, i.e.
log, x. This result does not apply for differentiating logarithms to other bases (e.g.

log,; x). You will see later in the course how to differentiate logarithms to other
bases.



Example 1

y=1n(3x-1)

This must be differentiated using the chain rule.

_q’_,y_: 1 ._d_(gx_l)
dx 3x-1 dx
1,
3x-1
3
3x—1

[With practice, the answer can be written down directly.]
Example 2
y =In(4x* +1)

This must be differentiated using the chain rule.

dy 1
— = —-8x
dx 4x°+1
_ 8x
4% +1
Example 3

y = In(cos 4x)

This must be differentiated using the chain rule.

d 1 Ny
£ . (~4sin 4x)
dx cosdx
_ —4sindx
cosdx

= -4tandx



Example 4
f(x)=1In(e™ +1)
This must be differentiated using the chain rule.

1

- e
X
e +1

fi =

Example 5
y=x"Inx

This must be differentiated using the product rule.

u=x v=Inx
- d—u:3_x2 éﬁ:l

dx dx x
dx dx dx

1

=x> . —+3x’Inx
x

=x?+3x Inx

=x*(1+3Inx)



This must be differentiated using the quotient rule.

u=lnx

It

e4x X X

2 ol
e’ —2xe’ Inx
4x

xe
_e¥(1-2xInx)
- e
_1-2xInx

» [note that

Xe

e

1
4x: ZX]
e e

2x
v=e
dv )
— =2e”
dx

[this step can be missed out with practice]

2x




The laws of logarithms can sometimes be used to simplify functions before
differentiation.

Recall the three laws of logarithms below:

-

(1) In(ab)=Ina+1nb
2) In(ﬁlb—j =lna-1Inb

(3) In(a”)=nlna

Worked Example 1

Given y = In(x*e™), find @
dx

Solution

y =In(x*e*)
=1In(x*) + In(e*)

=4lnx+2x  [note that In(e*) = 2x]

d

v 4t

dx X
=i+2

X



Worked Example 2

dy 1
), x>0, show that = =

. X
Given y = In o I _———x(2x+1)

K-X‘l
Solution

e
’ 2x+1

=lnx-In2x+1)

v 1 1
E;—; 2x+1
1 2

;_2x+1

_12x+1) 2x

T x(2x+1) x(2x+1)
_2x+1-2x

T x(2x+1)
1

- x(2x +1)

[Alternative Method:

The function y = 1n( ) can be differentiated directly using the chain rule.

2x +1
dy_ 1 df x _2x+1'i( x *)
dx x  dx\2x+1 x  dx\2x+1
2x+1
The function 5 x ] can now be differentiated using the quotient rule.
X+
_d_( x )_ Qx+D)-1-x2 1
dx\ 2x +1 2x+1)° (2x+1)?
From (*): dy _ 2x+1 1 1

dx X ‘(2x+1)2:x(2x+1)]



Worked Example 3

3 dy
Given y=Inv2x* +1, x>0, find ; .
X

Solution

y=lnv2x® +1

i
= In(2x* +1)2

1
=~ In(2x’ +1
5 ( )

_‘lel 31 .6x°
dx 2 2x +1
3 3x?
2x% +1
[Alternative Method.

The function y =In+/2x> +1 can be differentiated using the chain rule.

5{1:———;_-5"— 2x° +1
dx  \2xP+] dx
1 d 2
= —(2x° +1)2
. )

3

2x” +1
Loy +1)‘% -6x?
N2x® +1 2
3 1 . 3x?
V2xP+1 42X +1
B 3x?
S 2yt 41

YOU CAN NOW ATTEMPT THE WORKSHEET
"DIFFERENTIATION OF LOGARITHMIC FUNCTIONS".





