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1.1 BACKGROUND MATERIAL

1.1.1 Step - By - Step Approach to Maxima/Minima Problems

STEP 1: Define all the variables involved in the problem and draw a clear diagram showing

these variables.

STEP 2: Decide what quantity is to be maximised/minimised and express this quantity as
a function of the other variables of the problem. In the context of the VCE course there will

usually be no more than two other variables.

STEP 3: Use the given information (conditions) to find a relationship between the two other
variables. Use this relationship to express one of the variables in terms of the other. (At this

point a clear diagram can often be very useful).

STEP 4: Express the quantity to be maximised/minimised as a function of one variable only.

This is done by substituting the relationship from STEP 3 into the equation from STEP 2.

STEP 5: Differentiate the function with respect to this variable, and determine where the
derivative is equal to zero.

(If there is no solution to this equation, the desired maximum/minimum of the quantity
will occur at one of the end points of the domain. This can be seen by sketching the graph of

quantity versus variable:
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STEP 6: Check that the solution obtained in STEP 5 is a maxima/minima of the prob-

lem. This is done by substituting the solution into the second derivative of the function and

examining the sign:

+ ve => minima
— ve = maxima

0 or undefined (& co) = stationary point of inflexion

STEP 7: Substitute the solution from STEP 5 into the relationship from STEP 3 to obtain
the corresponding solution of the other variable. If required, substitute the solution from STEP
5 into the function from STEP 4 to obtain the actual maximum/minimum value of the original

quantity.
1.1.2 Example

Problem: Find the dimensions of the rectangle of perimeter p that has the largest area.

Solution: Follow section 1.1.1.

STEP 1:

Denote area by A T
Denote width by z A ~
Denote length by Y

Denote perimeter by p \]/

Yy —""

STEP 2: Quantity to be maximised is the area of the rectangle:
A=uzy (1.1)

STEP 3: The given condition is

which, upon re-arrangement, gives

p=2y+2z
P

y==—=z (1.2)
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STEP 4:
A = zy
=z (g - m) (Sub eqn(1.2) into eqn(1.1))
= gm — g2
A= gia; — o?

STEP 5: Differentiate eqn(1.3) with respect to =

dA P
bl S
dz 2 ?
: A :
Solving for — = 0 gives
dz
_P
o =L
4
STEP 6:
d*A
-9
dz?

which is always negative. Therefore the solution in eqn(1.4) is a maxima.

STEP 7: From eqn 1.2

y = 2—z
2
= g - i—) (Sub eqn(1.4) into eqn(1.2))
_ P
4
Amax = Ty (ean(1.1))
= % : Z (Sub eqn(1l.4) into eqn(1))
_ 7
16

tsh
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1.1.3 Curve Sketching

Applications-Of Differentiation.

(i).Curve sketching.

In the application of differentiation to sketching curves defined by

y = f(x), the VCAB Course Description states that f(x) can be a polynomial

function ".... of degree no greater than 4

or a simple rational function

".... of the type defined by

flx) =ax"+bx "+ ¢ (m, n=1, 2)."

b
m —
n

= a x -+ + c.
b'd

(a) Polynomial functions.

The following features should be investigated.
1. Stationary (Turning) Points: these are points at which the gradient of the
curve is zero. Their x-coordinate is found by solving the equation
£ (x) = o,
and their y-coordinate is found by substituting the x-coordinate into f(x).
£f’(x) = 0 will generally be a polynomial equation whose solution may require

the use of the Factor Thereom.

2. Nature of Stationary (Turning) Points: the sign of f’(x) in the
neighbourhood of a stationary point should be used to determine whether

the point is a local maximum, local minimum, or a stationary point of

inflexion.
Local maximum: f’(x) gig?t;:g at a neighbouring point on the + -
right .
left hand side.
Local minimum: £’(x) is i::;t;:: at a neighbouring point on the
right . '
left hand side.

tsh



positive r negative
positive negative
right

left hand side. -_’/;;,—— or —-.<§\‘—‘
+ -

3. Axes Intercepts: the x—axis intercepts are found by solving the equation

Point of inflexion: f’(x) is either at a neighbouring

point on the

f(x) = 0,
and the y-axis intercepts are found by solving the equation
£(0) = y.
f(x) = 0 will generally be a polynomial equation whose solution may require

the use of the Factor Thereom.

The investigation of these features is illustrated in the example that follows.

eg. Sketch the curve with equation y = 2x3 - 3x2 - 12x + 13, showing
clearly all turning points and axes intercepts.
~
Stationary Points:
x—-coordinates: f'(x) =0

> 6x” - 6x - 12
— x’-x-2=0
> x-2)(x+1)=0
—>x=-1, 2.

y-coordinates: f(-1) = 20, £(2) = -7.

Il
o

Therefore, the curve has stationary points at (-1, 20) and (2, -7).

Nature of Stationary Points:

Consider the sign of f’(x) in the neighbourhood of x = -1:
for example, at x = 0, £f’(0) is negative (right hand side), + -
x = -2, £7(-2) is positive (left hand side),
and so the point (-1, 20) is a local maximum.
Consider the sign of f’(x) in the neighbourhood of x = 2:
for example, at x = 8, £’(8) is positive (right hand side),
x =1, £'(1) is negative (left hand side), - +

tsh



and so the point (2, -7) is a local minimum.

Axes Intercepts:

x—axis intercepts: f(x) =0
=> 2x° - 3x% - 12x + 13 = 0.
It is quickly verified that x = 1 is a solution. This means that (x - 1) is a

factor and so the Factor Thereom can be used to easily obtain any other

solutions:
2x% - x - 13
r - 1)2x® - 8x® - 120 + 18
2x3 - 2x2
—xz - 12x + 13
—xz + x
~-18x + 13
-13x + 18
0
Therefore,

2x° - 3x2 - 12x + 13 = 0

= (x-1) (2x% - x - 18) = 0

2
:::) x=1or x = *(_1) == VQ_;%Z)— 4(2) (-13) (Quadratic Formula)

1 + y105 1 - v105
4 ’ 4 ’

p—

y-axis intercepts: f£(0) = 13,

1,




A
("'120)
1
ﬂ: l.x?," 33X — 12X + 13,
- 15
1 |+53§
4 > %
1-Vigs
)
(1,-7)
. b
(b) Rational Functions: y = a x4+ Thm o +oec.

X

The following features should be investigated, although some of them may not

apply to a particular function.

1. The sign of y = f(x) in each section of the domain, starting from the
sign of y as x approaches « to the sign as x approaches ==. This

investigation is often helped by drawing a sign diagram which shows the

domain on which y < 0 and y > 0.

2. Asymptotes: these are bounding lines towards which the curve approaches.

-
/

b
m —
n

The curve y = a x + x + ¢ has two asymptotes:

(i) the line x = 0, that is, the y-axis (Vertical Asymptote).

(ii) the ’line’ y = a O+ oc (Oblique Asymptote).

tsh



b
The ’line’ y = a x" + ¢ is an asymptote because the term ';H becomes
b
very small for large POSILIVE Galues of X, whereas the term a 4o
negative

becomes very large and so dominates the curves behaviour.
How the curve approaches each of its asymptotes will depend on the

values of b and n, and must be determined for each individual problem.

3. Stationary Points: f’(x) = 0 will reduce to a simple polynomial equation.

4. Nature of Stationary Points.

5. Axes Intercepts: f(x) = 0 will generally reduce to a polynomial equation
whose solution may require the use of the Factor Thereom. There will be no

b
y-axis intercept since a X"+ ;F + ¢ is undefined at x = 0.

The investigation of these features is illustrated in the example that follows.

eg. For the curve with equation y = x - 5 + %, find
(i) the coordinates of the points of intersection with the axes;
(ii) the equations of all asymptotes;
(iii) the coordinates of all stétionary points;

and use this information to sketch the curve.

Axes Intercepts:

x—axis intercepts: f(x) =0

]
1
ot
+
|
I
o

]
o

pem—
pm—n xz - Bx + 4
p—

ﬁx=1,4.
Asymptotes:

(i) The line x = 0 is an asymptote.

(ii) The line y = x - 5 is an asymptote.

tsh



Approach of curve to asymptotes:

(i) As x approaches 0 from the right (x > 0+) it becomes very small but
positive, so y becomes large positive (y - «).
As x approaches O from the left (x - 0_) it becomes very small but
negative, so y becomes large negative (y - -«),.

(ii) As x becomes large positive (x » «), vy = x - 5 plus a very small number
and therefore approaches the asymptote from above.
As x becomes large negative (x » -*), y = x - 5 minus a very small

number and therefore approaches the asymptote from below.

Stationary Points:

x-coordinates: f'(x) =0
4

= 1- "2 =0
= x%2-4=0
= (x+2)(x-2)=0
- x = 2, -2,
y-coordinates: f£(2) = -1, £(-2) = -9
Therefore, the curve has stationary points at (2, -1) and (-2, -9).

Nature of Stationary Points:

Consider the sign of f’(x) in the neighbourhood of x = 2:

for example, at x = 3, £’(3) is positive (right hand side),

x =1, £7(1) is negative (left hand side), B +
and so the point (2, -1) is a local minimum.
Consider the sign of f’(x) in the neighbourhood of x = -2:
for example, at x = -1, £’(-1) is negative (right hand side), + -
x = -3, £'(-3) is positive (left hand side),
and so the point (-2, -9) is a local maximum.
~

tsh
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1.2 MATHMETH CAT 1 Q3: How Long is a Piece of

String?

1.2.1 Part a.

Part a.i,

STEP 1: A clear diagram is provided with the question. Let L denote the total length of
straps. Let the fixed volume of the package be V (V is some fixed positive number and is a
constant of the problem).

Note the following physical requirements: L, z,y > 0.

STEP 2: The quantity to be maximised is the total length of straps:

19

STEP 3: The given condition is

V =2y
which, upon re-arrangement, gives
v
STEP 4:
4V
. dL .
STEP 5: Solving for T = 0 gives
T
z = (2V)/3 (1.9)
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d?L
STEP 6: Check the sign of Tz when it is evaluated at z = (2V)*/°.
T

d?L
The solution is a minima.
STEP 7:
vV 1/3
Yy = (Z) (1.11)
(1.12)
Ly = 6-(2V)Y/°

// ObliaLue ﬁSjM’)l‘a"e l=ux
Ve

Onl ark of curve (:or W’r\fck K >0
oMY P
s “considered,

L

N

]
g ( zv)/q’ 7

Clob oF L 4jain5'- x For 43_{@1/\/- |
S\—rin Eor \U\ol— - R L= Lya(+%5_‘ fk_ EF@?C“ oF Rngl i

verkical  Franslakion.

&
\LM;“ - 6- (QV)

>,
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Part a.il.

Proceed similarly to Part a.i:

STEP 2:
L=6z+2y (1.13)
STEP 3:
-
y=— (1.14)
STEP 4:
Y%
L=6s+—; (1.15)
STEP 5:
2V \/?
= (2L 1.1
i ( 3 > (1.16)
STEP 6:
2L _ 1.17
o = Tve (1.17)
STEP 7:
9V /3
Y= (T> (1.18)
(1.19)
Lin =3~ (18V)1/3

Compare these results to Part a.i.

tsix
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1.2.2 Part b,
Part b 1.

STEP 1:
Denote width by w

Denote length by =
Denote height by 1y

Let L denote the total length of straps. To begin with, let the fixed volume of the package be
some convenient value, 10m?, for example.

Note the physical requirements: w,z,y, L > 0.

STEPS 2 —T7:

Let the width of the package be 1 m and proceed with the usual calculations of STEPS 2 - 7.

Let the width of the package be 2m and proceed with the usual calculations of STEPS 2 - 7.
Let the width of the package be 3m and proceed with the usual calculations STEPS 2 - 7.
Let the width of the package be 4m and proceed with the usual calculations STEPS 2 - 7.
Let the width of the package be 5m and proceed with the usual calculations STEPS 2 - 7.
Compare the numerical values of L ;. in each of the above cases. These values suggest that

there may be a value of w for which L, itself will be a minimum. Refer to Part b.iii.below.

Part b, iii,

Generalised calculation: let the width of the package be w (for the moment w will be treated

as some fixed positive number and will be a constant of the problem).

STEP 2:
L=4y+az+w (1.20)

STEP 3:
y= i_% (1.21)
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STEP 4:

=2 i (1.22)
we
dL
STEP 5: Solving for o= 0 gives
z
z =2 10 (1.23)
w

The negative solution is non-physical and is therefore discarded.

STEP 6:

d?L
o = Tve (1.24)
Therefore the solution is a minima.
STEP 7:
1 /10
y = N (1.25)
10

Check these equations by substituting w = 1,2, 3,4, 5 and compare with the results of Part b i.
Now, to find the width that minimises L

min, treat w as a variable and solve the equation

drL_.:
min _
0D (1.28)

This gives:

w = (40)!/3 (1.29)
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Since

d*L min

dw?

= +ve (130)

this solution is a minima. Substituting eqn(1.28) into eqn’s (1.23), (1.25) and (1.27) gives:

z = (40)'/° (1.31)

5 1/3
y = <§> (1.33)
(Lmin) min 6- (5)1/3 (1.35)

Further generalisation: Let the fixed volume of the package be V (V is some fixed positive

number and is a constant of the problem). Proceeding similarly to above gives:

m=2Jg (1.36)

y=1[— (1.38)

v
me:4J;+w (1.40)

The calculation to find the width that minimises L ;,, gives:

w = (4V)/? (1.41)

tsh
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z = (4V)" (1.43)

14 1/3
y = (E) (1.45)
(LthHﬁn::3-MWU”3 (1.47)

Note that a minimisation is not performed for the volume V because the volume is a fixed
constant of the problem. For example, the package may consist of a fixed number of paint cans
but, for any choice of z,y,w, the number of cans always remains the same and so the volume

always remains the same.

4y
L:ﬁ +X t+w /Ob(a'czlve ”'Sj"’\f"oLe
A A
Lz 2+w

Onlu part of cvrve For which

min
’ X273 15 considered.
// -\ﬁ
’ Lm;n:4/:f tuw” _
’ y / 0“'1"9
// ’\ /45 l"—
it / j'Z—\P ore
7 x Min min = W
v
1/;; (l-mih oy /
- (W)'/s-
Plob oF Lo‘jdfnSI- x For 4 5 //
gi\/eh V' and qiven w, , /
/
/. (,5 \)W'
s’ (kV)

Plok ok L. A"I“"“SF w For q
[ of
ts)
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Further generalisations: There may be other physical requirements to consider. For exam-

ple,

IA

Y ymax (Otherwise package is too high for bridges etc.)
z < zmax (Otherwise package is too long for turning corners, truck length limited etc.)

w < wmax (Otherwise package is too wide for road, truck width limited etc.)
Stability factors may also influence the above physical requirements. Note that these physical

requirements must still be related by V = zmaxymaxwmax-.

These requirements set the following restricted domains:

0 <z < zmax

0 <y < ymax

0 <w < wmax

Sometimes a compromise is needed between the solution that minimises L and a solution
that satisfies the physical requirements of the problem. Trial and error will find the compromise
solution (a systematic approach would use optimisation techniques for equality and non-equality

non-linear constraints but is beyond the scope of the VCE course).

Part b, i1,

Proceed similarly to Part b i.
STEP 1:

STEP 2:
L =6y+z+2w (1.48)

STEP 3:
y= w% (1.49)
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STEP 4:

L:-Gy—+w+2w
W

d
STEP 5: Solving for d—L = 0 gives
z

16V
T =4 —
w

The negative solution is non-physical and is therefore discarded.

STEP 6:
dZ—L = +ve
dz?
Therefore the solution is a minima.
STEP 7:
_ |V
y= 6w

Some questions to consider:

20

(1.50)

(1.51)

(1.52)

(1.53)

(1.55)

Is L,ip very much larger than in Part b.i? Do the benefits of having an extra strap (extra

stability of package etc.) compensate for the extra amount of strapping used? Substitute values

for V' and w when making the comparison. Calculate (

Lmin)min

and compare it to Part b 1.

Is it likely that the minima solution would exceed the desired values of zmax, ymax, Wmax if

an extra strap is used?

Would package stability require that a maximum distance between each end strap and the

ends of the package be set? (This might also influence the values chosen for zmax, ymax, Wmax)

Would package stability require that a maximum distance between each strap be set? (This is

mentioned in Part c, where a figure of 2m is suggested).

tsh
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1.2.3 Part c.
Part c.1i,

Generalised calculation:
STEP 1: Let the fixed number of straps across the package width be n (n is some fixed positive

number and is a constant of the problem).

Denote strap length by L

Denote volume by v
Denote width by w
Denote length by T
Denote height by Y

Note the physical requirements: L,z,y,w >0 and n € Z%

STEP 2:
L=02n+1)y+z+nw (1.56)
STEP 3:
Y= ;V;E— (1.57)
STEP 4:
L=tV (1.58)
wT

dL
STEP 5: Solving for == 0 gives
€T

N (G014 (1.59)

w

The negative solution is non-physical and is therefore discarded.

tsh
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STEP 6:
d?L
E = +ve (160)
Therefore the solution is a minima.
STEP 7:
/ vV
Yy = _(2n+1)w (1.61)
2 nv
Lmin = \/( nt1) + nw (1.63)
w
(ant)V
- 3 +Xtnwr
A\ .
s Obligve asym bbe L= x4nw
Min / ‘1/ j F
I 7 |
L 4 OV\\ ‘)m’l‘ oF curve (:ar W'L\;(‘/\ .
N 7 j . )
y x70 i5 <onsideved.
7/
/s
s
v
/7
/
2 N
Vi A
s (ant)Vv x
-
AIKM:“
Plob of L 4j4;'\5'~ x For 4
ven V. 4iven W and qiven n,
v
7N
?‘ D" 0(: L‘ ‘AAA;I«CL P C,n»
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Note: L ;(n) has no turning points. This is easily seen from the plot and may be shown
mathematically. Therefore, the physical requirements of the problem might be used to choose
an appropriate value. (For example, if V' is large, a large number of straps might be used to
increase stability. If V is small, a smaller number might be used so as to reduce L etc.). Part
c i decided to use n = 3.

The calculation to find the width that minimises L ;,, gives:

173
w= (2”“) yi/e (1.64)

1l (1.66)

Mman

min v obligue 45jmel~al-e L. znw

—
7 r

p w"

7’
7

Pt oF Loia qjo\;né\r w For a 3_\'_1/2\ vV

an A 3] Ven 0,
Substitute some values. For example:

V =100m?
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Tmax — 10.0m
Other physical requirements { ymax = 2.0m
Umax — 3.0m

A compromise solution might be required (recall Part b iii).
Further generalised calculation:
STEP 1: Let the fixed number of straps across the package length be m (m is some fixed

positive number and is a constant of the problem).

STEP 2:

L = (2n 4+ m)y + mz + nw (1.67)




