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Seacting Recnt 2:
Cycling Along the Yarra

Aims

This report aims to investigate the methods used to model functions of varying degrees to a
set of given data (discrete points). In order to model this data effectively, it is necessary to
first examine how varying different factors such as the y value of one of a quadratic’s or
cubic’s defining points will affect the functions shape, how a cubic function can be used to
model other shapes, and the process of smoothly joining two functions. Once an
understanding of these techniques is gained, an attempt at fitting functions can be made. In
this scenario, we are investigating the fitting of polynomials along a bike track next to the
Yarra River.

Findings

It was found that varying the y-values of a quadratic or cubic’s defining points affected the
dilation, orientation and the turning point of the function, as did varying a defining point of
two smoothly joined functions. It was also concluded that using only quadratics to model the
path was inaccurate and a much better fit was obtained using cubic functions, due to their
asymmetric properties and multiple turning points.

Contents
AAITNIS 1ottt ettt te e ettt e et e eh e ae et b et eaeb bt b e e e ek n e e e en e s e han e e e e e an 1
FINAINEZS oottt ettt e et sttt e e e s e 1
L) 41153 11 OO PSR SPTSR 1
AsSUMPUONS & CONSITAINES ......eiveviririiiisieec ettt ab et ens 2
A Quadratic Through 3 POINtS ..o, SRR e 2
A Definition Of ClOSEMESS .. ccevrieieieee ettt st s st eree 4
A Cubic to Model a Quadratlc ........................... 5
SMOOh JOIINE ..ttt et bt 6
METROA OIE: ..ot cr e s s e eneee s 8
METHOA TWO: .o et ee et e e ens e 8
Measuring the Model’s ClOSENESS ..........ccocoiiiiiiiiiiiiiie e 9
Other Methods fOr FITUNEZ ...cooiiriiiie e s 12
METhOA ONE: ...ttt et ce e s ee e e e st se e s 12
METHOA TWO! 1ecveeeieie ettt ettt e s e st s ae s ner s 13
CONCIUSIONS. ... eeieeeeree et ee et e e et e st et e e e s sree st sae et st saeeshas s seeesanaanssrnsaneetaesrnssrneeans 16
REIEIENCES ...vevvereeeeieerte et et sttt et e s a s e s e e e sbs e resnas s e ranenne s 17
ACKNOWIEAGMENLS ...ceviueiereeeiincirri ettt em s e s s e en s et sbs s e et st naneanas 17
APPENAICES ...ttt e s e s e 18
Appendix I: WOrKings.......coooiiiininiiieieeeet et 18




PO R o R S A N

Assumptions & Constraints

e The scale of the given map is 1:5000, (1cm:50 metres).

e The number of functions should be minimised (maximum of 8).
On the map provided: the grey area is water and the thick line indicates the riverbank
(2.5 metres wide). The track should be constructed on the outer edge of the bank.

e Itis unacceptable for the model to be closer than 1 metre to the water (ie. YPath—YModel
must > -1.5).

 The origin of the xand y axes will be as shown below:
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A Quadratic Through 3 Points

To find a quadratic (y = ax? +bx+c¢, a=0)whose graph passes through A (1.4), B (2,2
and another point C, which travels along x=4 (ie. C (4, k) where k is any real number) we
simultaneously solve:

A(L,4) 4=a+b+c (D
B(2,2) 2 =4a+2b+c . (2)
C(4, k) k=16a+4b+c .3
(1)-(2)gives: -2=3a+b oA
(2)-(3)gives: k-2=12a+2b ... (5
(4) - (5) gives: k+2=06a ...(6)
k+2
Soa= A7)
6
k+6
Substituting (7) into (4) gives: b=- : ...(8)
o . . Z+20
Substituting (7) and (8) into (1) gives: ¢ = 3

Therefore, the family of quadratics which pass through A, B and C is given by:

k+2 k+6 k +20
y=( ; )xz—(—é—->x+< i )WherekE{R}.

20
Substituting k=0 results in: y = -;-xz -3x +—?-’- with the graph:
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Similarly, the graphs of y = ( p x - X +\ 3 ) as k is varied:

-

k=100 k=50 K20 k=10
£=300

=t

-1 1\ R \’\5
-5 | k=2
-10 k=-3(X (=30 k=-20 : k=-10

k=-100
When k = -2, the quadratic reduces to the line y = -2x+6, as the coefticient a = 0. When
k> -2 the curve is upright and as k increases, so does the function’s curvature. When k < -2
the graph is inverted and as k decreases, the graph’s curvature increases. We can conclude
ks value affects both the orientation and curvature of the function.

We can observe that the turning point (TP) of the family of functions moves as k is varied.
To find it’s locus:

!_{k+2 2_(’k+6\ (k+20 .g'l_(k+2-\ _/k+b
Y \s )x L2 )’H\ 3 ) Rl e A )

! 3k+ 18 k? - 68k + 4
TP occurs when d'%ir =0,ic. Xp = 1 j“’k ,and by substitution y,, = ——;—4-}(—_%}2—

These are the parametric {unctions of the TP. To find the locus of the TP we eliminate k.

k418 4x,-18

Xpp = c :
T 2k+4 —2x5+3
2
(ﬁ"é;’fr_Pz'_@) _68(\4_3&_::_§)+4
By substitution y; = - ) 18TP =ty T4 _6 by
_48_24(_x_n=_:__) =
\3-2xp,
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The turning points of yrp occur when TP _ 0,ie. A(1, 4) and B(2, 2)! whose & values are
7P

4x, -18
calculated by substituting the x4 and xp into k = —?—’3——1—3 These are: k = —14 for A and
~2x, +

k =10 for B. The asymptote occurs when x7p = 3/7 corresponding to k = 2. In summary:
e Ask—> -14 from -=, x,, — 1 from - after which x,, — 3/ as Vip —> +X.

s Ask— 10 from +%*, x, — 2from +%, after which x,, — 3/ as A

A Definition of Closeness

We can define the measure of closeness, C, between two functions f(x) and g(x).overa
given domain [a, b] as being the area between them over that domain, 1e.

b
f [f(x)- g(x)] dx where f(x) is the topmost function. A ‘close’ model will have the
smallest value of C.

f(x)

B <
a / b

ﬁl;[f(.\') - g(x)] dx

JT7(x) - 8(x)] ax Telx) - £(x)] ax
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A Cubic to Model a Quadratic

In a cubic equation y = a + bx2 +cx +d (a = 0) there are four coefficients (a, b, ¢ and d)
requiring four equations for a unique solution. If only three equations are known, a family of
curves will result. The coefficients a, b, and ¢ are parametrically expressed in terms of d (the
y-intercept)- eg. if A(1, 4), B(2, 2) and C(4, 1.5), are used to define the cubic, they will all lie
on the family of curves produced, regardless of d’s value:

(1,9 ~ 4d4=a+b+c+d

2,2) 2=8a+4b+2c+d
3
4, 1.5) ;=64a+16b+4c+d
43 - o - 7(2d =13
Eliminating ¢ then b, a = 3 and by substitution b = _—(—%—2 , therefore
211-42d -
C=—
(6d-43)x° 7(2d-13)x*> (42d-211)x
Sy =- + - +d
48 16 24
Varying d shows:
y _ =1
=2
0
' a=3
3 d=4
> \ d=5
% A d=6
3 ' ‘ d=7
/ B oy
/ e ——

S——

i 3
X L L —~——— d=9
-2 0 2 4 1o
C 42
d=11
-4 )

When (0,d) lies on the parabola passing through A, B and C, the cubic reduces to a quadratic
(ie. a = 0). The value of d for which this occurs is found by equating a = 0.

(3-6d) _,
8

i-2 .72
6

It can be seen that as d — 4% from -, the function’s curvature decreases; after which the

graph is inverted (a becomes negative) and as d — + its curvature increases.
It is also noted that when the quadratic reduced to a line (owing to the variation of k), the

L e eceibiland Fonean lnin~ vl bt ta invartad
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However, we want to find a cubic equation which closely matches the quadratic which

passes through A, B and C, so we cannot substitute d = 43 i because a will equal O (ie. a
quadratic). Yet the closer d is to 4% or 7.16 (ie.as d = 43/6), the ‘closer’ the two curves

will be.
eg. (over a domain of [1, 4]):
d = 4’?6 =7 d="171 ,
3 2
. ),3 + 21x2 _ 166x+336 y= 0.(1)83333x +0.525x —3.633x+7.1
48 fz( 3 2 Tx% - 45+ 86
n » 1 0.0083333x” +0.525x“ -3.633x +7.1- —-——;—-— dx
12 X +21x2 -166x+336  Tx* -45+ 86) i \ 12
o\ 48 12 - 0.003472
5 2.
P 4 Tx= -45 +86
T 576 '. . f;(-—\——pi— - (0. 0083333x3 +0.525x2 —3.633x +7. 1)\ dx
4( 7¢2 —454+86 O +21x% - 166x +336\ .
f,) e - s de|l = 0.02
2D J o -
1 Area = 0.003472 + 0.02 = 0.025694 units™
T8
5 1 37 .2
Areq = —+ — = —— = 0.0642 units
576 18 576

NB: The ‘topmost’ function was deduced using the above observations.

Smooth Joining

To join two curves smoothly is essential in the practical design of a bike track. To achieve

this the two functions must have the same gradient at the point of intersection.

If, a parabola ( y;) is to go through points D(0, m) (where m € {R}), A(1, 4) and B(2, 2) and
another ( y5) to join smoothly at B and go through C(4, 1.5), the gradient (ie. derivative) at B

for both functions must be equal.

If v =auc2 +bx+c, a=0:
DO,m)y m=c

AL 4) 4=a+b+c
B, 2) 2=4a+2b+c

nm-6 14-3m (m-6)x> (3m-14)x
a= . b= and ¢ =m SV = — - " +m
3m-1 -10
g‘y_1=(m—6)x——(—ln—ﬂ /2')’_1) _m-10
dx 2 \ax/,» 2
. m-10
Therefore, y, passes through B(2, 2) and C(4, 1.5) and has a gradient of at B(2, -

2

As before:

2
yp =ax" +bx+c, a=0
B(2,2) 2=4a+2b+c

tsh
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(L‘;V;) =m—10 .‘.-—-——-m_lo=4a+b

2m-19 b= 3m-29 B (4m - 43)
8 : T » €=- ’)

- -

(2m -19)x>  Bm-20)x 4m-43
8 2 2

Sy =
The hybrid function of the two quadratics is:

__; (m - 6)x2 _(Bm- 14)x

+m ~0<x<?2
2 2
(2m-19)x* (3m-29)x 4m-43
= - + - 2=sx<x
8 2 2
As m is varied, the following graphs resuit:
Y
10 §
R m=1
m=2
6 m=3
3 m=}
X N A m=5
4 = -
e m=
C SN ’ -
i \§ B . m=7
2 k = C & m=8
: N —— e
= m=11
1 2 3 4 -

Similarly to the previous cubic, there will be a value of m for which y; = y2, that is, the two

quadratics become identical. This occurs when coefficient a,, = a,,, by = by, and

Cy = Cy,
Ay, = Ay, by, = by, ' Cy = Cyy
m—6 B 19 - 2m 14 -3m B 3m-29 ~ 43 + dm
R T - MET
43 43 43
m=—= 7.2 m=—=772 m=—g-z7.2

1t should be noted that this value of 7.2 was also obtained for 4 above so as m — 43/6’ the

coefficients of the two quadratics will become increasingly similar, until at 7.16 they are
equal. At m =6, coefficient ay = 0,ie. y1 reduces to the linear function: y; = -2x +6.

1t can also be seen that the variation of m has a similar effect on the behaviour of the curves
i that of 4 on the above cubic. The similarities of d and m ‘s effect can be further illustrated

tsh
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Y
d=1
10
8 m=1
6
=6
4 [I]:6
2
m=11
X
t 1 2 3 4 5
d=11

Using Quadratics to Model the Path

[n order to model discrete points using quadratics, methods of defining the parabola using
different pieces of information should be developed:

Method One: ,

In the example below, a close fit would be achieved by defining the gradient at the starting
point (0), the co-ordinates of the starting point, (0, 0) and the co-ordinates of the finishing

point (2, 4).
y* (2.4)

0 > X
Then we have:
2 . :
v =axj +bxy+c¢ ( Xi, _\'1) are the starting co-ordinates.
my = 2ax; +b my is the gradient at (xy,y1).
2 | L :
Yo =axy +bx +c¢ (xz .y, are the finishing co-ordinates.
Solving simultaneously for a, b, and c:®
2 w2 L VN A 2 1 A
V2 -V - m]<x2 - x]> my\ g -] “—'-\1()2 - M) Vix3 + (x]_vz = 2y1xs + myXa{x = X2 )
a= 2 s = R 2 s 0= ) 2
(x2-x) (x2 - ) (x2 — 1)

Method Two:

In the example below, it is of greater benefit to define the starting co-ordinates (2, 4), the
starting gradient (the same as the finishing gradient for the last function) and the finishing
gradient (0) atx=4.
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A [
2,4)

0 4 »x
Therefore:
Y= ax22 +bxy +c (x5, 72 ) are the starting co-ordinates.
my = 2axy +b mp is the gradient at (x2, yz) , (the join of the parabolas.)
m3 =2ax3+b m3 is the gradient at (x3,y3), ie. the finishing point.
Solving simultaneously:
- 2 2
a= mz — My b= MaX3 — M3Xy c=yo+ m3X5 + MhXs — 2mpxsx3
2(.\’3 - X2) (.Y3 - _7{2) 2(.(3 - .\’2)

In the plot of the path below, it can be seen that particular sections of the river would be
better modelled by using one of the above methods:

a G

Nfethod One \ethod Two

Method One
Method Two

Vethod One {Method Twdhiethod One

0] 100 200 300 400 500 600 700 800
metres :
The points A, C, E, G an H were assigned by examining the turning points while B, D, and F
were approximated by sight as likely junction of two parabolas.

Measuring the Model’s Closeness
To measure closeness, a method for finding the area between discrete points defining the
river, and the model is required. We can approximate the area between the points and the x

, , , , (a+b)w
axis by constructing trapeziums, using Area=——"—":

y

%

~

=P x

Therefore a table of values for the area between the path and the x-axis from O - 10 metres,
10 - 20 metres etc. can be constructed.?
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When the closeness of model needs to be calculated, the graph is divided into 10 metre
intervals and the area of each interval’s trapezium is calulated ( 4y ). The area under the

model for the same interval is then calculated by integration (A ) and EIAI - A2| covering
all intervals over the domain [0, 800} is recorded.

To find the coefficients of two parabolas (using method one and then method two) the
following spreadsheet (with the inputs x;, , X2, Y2, ¥3, my and m3) was used (for greater
accuracy):

y Gradient a b c

—— 2
my _Y2mn- ml(x2 - xl) by =my =2a%) |¢) =y —ayxi - by

a1 =

(xz - x1)2

(&)

my = 2a1X5 + by _my—my

Z(X3 - XZ)

by = 13 —2mhx
ay = 2 = M3~ 2(hX3

3

y3= a5 + bz +o

m3

This was then used for the first two sections (O<x< 350). The fixed point A(-25, 98) on the
path was set as (x;, y;) with m;=0 and the point B(115, 264) was setas (x3, ¥2)- The
second quadratic’s starting point was at B(115, 264), and its initial gradient was derived
from the previous function’s finishing point. Only the x-value of C, and the gradient (mg3) of
0 at that point were defined. The following resulted:

/Path
WOdel

400.00 T
35000 T
300.00 T B

zoo.oeaM :
150.00 T
10000 +
50.00 + :
0.00 s — : : : :
100 150 200 250 300

west { metres)

North (metres)’

The area between the path and the model for 0=x=325: 2471.67m2.

To measure its closeness the following spreadsheet was used:

XPath

Area between path and x-—axis
(Ay) for interval beginning at

Xpath Yalue

YPath XModel |YModel

Area between model and the x-
axis (Aj) for interval beginning

at Xpath value.

Area
between
path and

modelﬁ

X pathy

y +
YPathy | ¥ Model | YModel1| 4 — ﬁf’t_zy_fﬂ %(*path = Xpark)

3 2
~ laxpasn, . bxpgsh,
{ 3 2

|4; - 4]

X Pathy

YPathy|* Model,| YModel ;
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It can be seen that a reasonably ‘close’ fit has been achieved, except for x> 230, because the
y-value of the finishing point could not be set. We have previously observed that moving one
of the defining points of a parabola will affect its shape, and we can use this skill by moving

point B(115, 264) in order to change the shape of both quadratics and hopefully bring the

model closer to the path.
Moving point B(114, 264), had the following effect on the closeness of both parabolas (in
m?).
' Ye .
263 264 265 266 267
113 2453 - - - _
114 2594 2335 - - i
xg | 115 2781 2452 - - -
116 3050 2605 2341 - -
117 3314 2857 2458 e -

NB: a ‘-’ indicates that the fit failed the test that for all values, Vpath = Ymod el > =1.5 (ie. the fit is

never closer than 1 metre to the water).

It can be seen that if B is moved to (114, 264) a better model will result (2345m?2). Using

this method, we can fit parabolas to the remaining sections of the path.

The resulting hybrid function for the model is given by:

y = 0.00341597x% +0.17079861x + 200.134983 O<x<l114
y = —0.0022503 x% +1.46271608x +126.495687 114 < x <325
v = —0.0979676x> +63.6789568x — 9983.6434 . . 325< x <345
v = 0.01959353x2 — 17.438237x +4009.07257 345 < x < 445
y = 0.00660294x2 - 5.8766165x + 1436.61192 - 445< x < 625
y = —0.016979x% + 23.6007937x - 7775.0788 625< x < 695
y = -0.0058229x2 + 809377677 x — 2386.3904 695 < x = 800
And their graphs:
450 T
400 1
‘E 350 4
= 300 -
E 250-
% 200-
* 1s0- _ n
100 5 : - : i

0 200 400 600

North (metres)

800

Cloceness  10007.13m?2
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We can see that although parabolas give an indication of the river’s shape, the area between
the model and the path is high. While it is possible to create a better model using more
parabolas, the fact that the number of bends in the path will increase with the number of
functions (decreasing the path’s ‘rideability’) forces us to use as few functions as possible.

Other Methods for Fitting

As the degree of a polynomial increases (ie. x2, x3, x4 etc.) so do its maximum number of
turning points, increasing its ability to model different shapes with greater accuracy.

Therefore, if we apply the above technique to cubic functions, we may obtain a closer
model. ‘

To uniquely define a cubic four equations are needed. Because the starting co-ordinates and
gradient will always be required (to ensure a smooth join), only two other equations are left
to our discretion. These could be any of: finishing co-ordinates or gradient, a middle point (a
point which is between the starting and finishing point) or its gradient.

y
A

(xm ’ym) (-‘2 ; }’2)

—
(xl :}’1)
ml

Method One:

It may be of greater benefit to use (xl,_v]), (xz, v5), my and m; to have greater control over
the turning points.

So:
2
(xl ,_\'1) N = (II? +bxi +cxy+d
3 2
(-’Cg,)’z) Vo =axs +bxy +cxy+d
2
ny my =3ax{ + 2bx;+c
2
mo mp =3axs +2bxy +¢
By simultaneously solving a, b, c and d (as shown before):*
mMpXy + X =My —HlaXn — 2(_\)1 - _\’2)
3
(x1 -x2)
2 2 2 2
Mo X3 = 2my XXy — My XXy + MX X5 + 2MaX 05 + mya +6( 4y - XXy
(2 - x1)
2 2 2 2
mxi +2myX{ + myx|xy — mpXj Xo —2mx5 — myxy - 3(x1 Y+ Xy - X2 - X yl)
3
(x2-x)
3 2.2 2 2.2 3 2 3 3 2
MaX[Xo + M XTX3 —MaX{ X5 — .Y X5 — 3.‘\?13(2 VI+X%y—-¥yy + 3.\‘1 Xa¥a

(x2- =)’

d=

tsh
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If we now select co-ordinates which coincide with the turning points of the path (ie. m = 0)
and feed them into a similar spreadsheet to the one illustrated above (although adapted for
cubics), the following model will result:

West (metres)

0 200 400 600 800

North (metres)

Closeness: 6380.1m?2.

We can see that although a close fit is obtained when 0 < x < 325, due o the sudden change
in gradient at x=355 and x=565, the model deviates from the path into the river (which is
unacceptable). However, if we add more cubics in these areas we will gain greater control
over the model. It would be better to define these new cubics using other information.

Method Two:
In this case, a cubic defined by (xl,yl), (xz,_yz), mjand (x,,, ,_v,,,) can be used to ‘force’ the
model to fit the path.
As before:

3 2
(xl,yl) v =ax] +bxi{ +cx;+d

2
(xz,yg_) %) =cm§+bx§ +cxp+d
2

my my =3axy + 2bxy+c

3 2 a
(xm ’ym) Y = Xy + bxm Tyt d

Due to the repetitive calculations, and the increased risk of error, these simultaneous
equations were solved using a package called Mathematica>which, if given the above four
equations will eliminate all coefticients and produce:

a= (my Zp? ¥y - My Em X2~ My Xp?

2

—xlz ¥Ymt+ 2 X X3 Ym - %5 ym--xm2 y1+2xmx1y1—2x1x2y1+x22

Y1+ Xm? Y2 - 2 ¥m X3 ¥ + %2 va) / ((%m - %1)2 (-%p + X3) (-%X; + %3)?)

b= (ml XID.3 Xy — M1 Em X13 - my Xm3 X5 + mq X13 Xa + M Xy X23 - m; X5 X23
-2 %3 yn+ 3 %2 % ¥m- %3 ¥m- % y1+ 3 En %2 y1 - 3 %2 x,
yi+ %3 y1 + %0 ¥a - 3 xp %2 y, + 2 %3 y3) / ((~Fm + %)% (%m -

XZ) (—Xl + XZ)Z )

tsh
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C= —(X] (=% + %)2 (% + 2 %) (mg Xp® - my %3 -3 %2 ym+ 3 %2 yy)
+ (2 %3 % - 3 xp? %2 + xt ) (mpox3 -m x3 -3 x2 y; + 3 x?

¥2)) / (3 (%m - X1)2 %2 (Fm - Xp) (% + %)? )

d= (-(m; %md %2 %) +my xp? X3 Xy +md ¥ x?ix, -my XS X2 X, -
my Xp? Xp X0+ my oxp %52 X3 4 %% % ¥vm - 2 %3 x? ym+ x2 %3
Ym + 2 X3 Xp X, Yp - 3 Xn? %12 X5 ¥ - Fnod %2 ¥+ 3 ¥m X% x5

2

Y1+t Xm? %3 y1-2xmx1x23 Y1 - Xm® %2 ¥, + 2 Xp? x13 ¥y, - %p

% ¥y) / ((—%m + x)2  (=¥p + %) (-%; * X)?)

The path is then plotted and likely sections which would be better fit by either method one or
two are distinguished:

Method
Method One

Method Two
Methed Two

\ethod Two [Method OndMethod Ong

1 I
T T

0] 100 200 300 400 500 600 700 800

metres

When a cubic is fitted to each section, the following resuls:

450
400
350

West (metres)
) W
8

250
200 -
150
100 : i 4 ,
0 200 400 600 800
North (metres)
Closeness: 2594.1m?2. NB: ypath — YModel > -1.5

Although an improvement of 265% has been achieved (because we have greater control over
the model), by moving the defining points (as shown when fitting the quadratics) we can
achieve the following hybrid function:

tsh
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y = -8956x1070x3 +0.0040x2 + 0.2183x + 200.7989 0s<x=<325
— —1111x10™% x> +0.0105x2 +28.347x +200.7989 325 < x <355
e —1276 x 107> % +1.4971x2 — 586.74x +76999.92 355< x < 405
— 4117 x1073%% + 0.0721x2 - 40.075x + 7310.743 405 < x < 455
= —6.851x 1075x3 + 01122x2 - 59.545x +10451.56 455 < x < 595
= —1.586 x 1074 x3 + 0.2994x% — 186.65x + 38775.66 595< x < 690
— 47892 x 1073 x3 = 0.1095x2 +82.776x — 20256.58 690 < x = 800

And its graph:
~ 450 -

n

o 400 -
= 350 -
E 300 -
- 250 -
o 200-
< 150 -

100 } t } 4
0 200 400 600 800
North (metres)
senssmmmen Dath e Qrrith Ova  —— Fit One
Closeness: 1819.6m2. NB: ¥path = YModel > -1.3

This has been by far the best fit, with a 550% improvement compared to the quadratic
model. Although the turning point at x= 335 may look ‘unsmooth’ it can be explained by the
fact that the cubic which starts at x= 335 is actually very steep. For further proof, an
enlargement of that area was made:

397'y
396F
395E
3941

393}

327 330 333 336 338

The sharp curve should not be a problem to cyclists as it occurs over 4 metres.
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Conclusions

If, as we have seen, the cubic functions provide a much closer fit compared to the quadratics,
this process of increasing the degree of the polynomial can be continued (to gain greater
freedom) until the mathematics involved surpasses both the availability of time and

technology. However, if we were take a large polynomial, eg. of degree 40 (ie. x40), the
function would have 39 turning points and 40 equations are required to solve it. Because
each TP requires two equations to define it exactly, only 20 of them can be defined, meaning
the other 20 may occur in undesirable places. Therefore as the degree of a polynomial
increases, the degree of control over it decreases.

The physical limitations of this model should also be taken into account. The fact that no
information regarding trees, rocks and other geographical features has been given, restricts
the model’s practicality. The fact that the discrete points of the Yarra were only read every
10 metres also limited the accuracy of our measure of closeness. This could be improved by
obtaining a larger map and therefore more accurate readings.
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Appendices

Appendix I: Workings
Section A

-1
y=-Xrp+ 9/2 “(4er "6)

-2
- frerp = ~1+ 44315 -6)

TP's are when dyrp ey =0
TP

£ 0= -1+4(4xrp-6)7

= (4x7p - 8)(4xrp ~4)

. Xrp = 2orl
Section B
2
¥y =axy +bx;+c¢ (D
my =2axy+b (2
2
Yo =axy +bxy +c¢ 3)

(3) - (2): Yo -3 = a(x% —x%)+b(x2 - xl) (D)

Yo - M- ﬂll(XZ - .\’1 ‘ B
= ) ..(5)

@-(): a=

(v2-:)
From (2): b =my - 2ax;

ml(xg' - -’Cl?' ) - 2-‘\’1(."2 - )‘1)

(2 - x)°

From (1): c=¥ —ar% - bxy ..(7)

Sob=

by substitution....(6)

2
VX5 + | X5 V0 — 2y1x0 + iyXal X — X
Sub (6) and (5) into (7): C='1 2 ( 172 ! ! 7( ! 7))

(2 =317

Section C:

(xl,_\'l) v = (Lr’? + bxlz +exyp+d (D
(xz,yz) = cut»_‘:' + bxz2 +cxa+d . (2)
my my = 3a.7c12 +2bx;+c -..(3)
my my = 3ax"2' +2bxy +¢ ...(4)
3 3 2 2
MH=-2) y-n= a(x2 —xl) + b(xz - X1 )+ C(x2 - xl) ...(5)

Inz

Find ¢ from (3) and sub into (5) to find: a(xy+2x)+b = Y2 7)1

- ...(6)
(r2-xm) u-% (

tsh
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mxy +m Xy —MyXy —MaXp — 2(v - ¥2)

From (6): a = 3 ...(8)
(% —x2)
Substituting (8) into (6):
3 2 2 2 v 2 3
myxi — 2myxj Xp —moXj Xp + mx;xy + 2myxyxy +mx; + 6(x1x2y1 - XX y2) ©)
(x2 - x1)3

From (3): c=my—~ Baxi’)' ~2bx; ...(10)
Substituting (8) and (9) into (10):

2 2 2 2
myx{ +2mpx{ + mxyxy —myX Xy — 2myx3 —myxy - 3(x1y1 + X0 — X1 Y2 — xzyl) (1)
3
(xz - xl)

From (1): d=y- m{’ —bxlz— cxy ..(12)
Substitute (8), (9) and (11) into (12):

3 2.2 2 2.2 3 2 3 3 2
MaX{ Xy + M XT X3 —MayX] X35 — mxyxs — 3.‘(1.‘(2 V+EBy-xnt 3x1x2_v2

(v2- )

e

Appendix li: The area between the Yarra and the X-axis.

X Value Y Value Area for the
interval

beginning at X

Value.

0 201 985

5 202 2035
15 205 2070
25 209 2110
35 213 2150
45 217 2200
55 223 2255
65 228 2310
75 234. 2375
85 241 2455
95 250 2530
105 256 2600
115 264 2680
125 272 2765
135 281 2850
145 289 2930
155 297 3005
165 304 3080
175 312 3155
185 319 3225
195 326 3300
205 334 3370
215 340 3430
225 346 3485
235 351 3550
245 359 3620
255 365 3680
265 371 3740
A~ 277 2RNN




295 388 3905
305 393 3950
315 397 3980
325 399 3955
335 392 3845
345 377 3380
355 299 2845
365 270 2570
375 244 2315
385 219 2055
395 192 1845
405 177 1690
415 161 1545
425 148 1430
435 138 1355
445 133 1325
455 132 1350
465 138 1400
475 142 1460
485 150 1550
495 160 1655
505 171 1780
515 185 1925
525 200 2080
535 216 2245
545 233 2415
555 250 2575
565 265 2725
575 280 2900
585 300 3050
595 310 3180
605 326 3330
615 340 3460
625 352 3605
635 369 3765
645 384 3920
655 400 4100
665 420 4250
675 430 4340
685 438 4390
695 440 4390
705 438 4340
715 430 4275
725 425 4215
735 418 4140
745 410 4060
755 402 3980
765 394 3920
775 390 3855
785 381 3775
795 374 1865
800 372 237850 m2
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