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Starting Point 2 - Cycling Along the Yarra

MATHEMATICAL METHODS UNITS 3 AND 4
COMMON ASSESSMENT TASK 1: INVESTIGATIVE PROJECT

CYCLING ALONG THE YARRA
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THEME

Fitting functions and investigation of 'closeness’

AIMS

« Determine how an arbitrary real constant affects a function, i.e. curve properties,
and shape.

« Explore the difference in cubic functions that pass through the same three points,
have an arbitrary constant and show how a cubic function can be used to model a
quadratic function that passes through the same three points.

e Explore how a model is to be developed that obtains a series of smoothly

connected quadratic functions.
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Model an appropriate bicycle track between two given points using a series of
smoothly connected quadratic functions, so that the track is to follow the curves of
the river.

Determine an appropriate measure of 'closeness'.

Using a combination of different polynomials, i.e. cubics, quadratics and straight
lines, investigate a 'better fit' which can be obtained for the bicycle track.

FINDINGS

The number of unknown constants in a quadratic is directly related to the number
of unknown pieces of information given.

When one piece of information is missing a whole 'family’ of curves is obtained.

In order for a model to be developed that has a group of functions connecting
smoothly, they must have the same gradient at the particular point that they are
both passing through.

An appropriate measure of 'closeness' is within ten to twenty metres away from the
river.

When an arbitrary real constant is varied the function dilates, and translates both
horizontally and vertically.




DART A

The equation that describes a quadratic function is given by the equation: y=ax?+bx-+c
(known as the general quadratic form), where a, b and ¢ represent arbitrary real
constants and a cannot be equal to zero, as the equation will become linear. The
general quadratic form is used when modelling quadratics through given points. When
finding an equation that passes through certain points, the equation will be determined
by substituting the x and y coordinates into the equation describing the curve. A series
of equations are then obtained containing the arbitrary constants a, b and ¢. The
equations are solved algebraically (simultaneously) so that the arbitrary constants can
be determined.

POINTS: A = (1,4)

B=(22)

C=(4k),k=0 C=(4,0)
lety=4,x=1 lety=2,x=2 lety=0,x=4
4=a+b+c (1) 2=4a+2b+c (2) 0=16a+4b+c (3)
(3)-2)
2=12a+2b (4)

@)-(1)
-2=3a+b (5)
(5)x2
4=6a+2b (6)
(6)-(4), solve for a
-2=-6a
a=1 (7)
3
sub (7) into (4); solve for b
-2=4+2b
b=-3 (8)
sub (7) and (8) into (1); solve for c
4=1-3+c¢
3
20=c

3
y=1x2-3x+20

3 3
This is the quadratic equation passing through the points (1,4), (2,2) and (4,0).

The x intercepts are: (using the GFSQ method),
4 and 5

The turning point is:

x==:b sub x value into the quadratic equation found form to find
2a y coordinate
=3 y=1/3(4 1/2)2 - 3(4 1/2) + 20/3
2/3 =1/3(20 1/4) - 13 1/2 + 20/3
=41/2 =-1/12

The turning point is at (4 1/2, -1/12)
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This graph has been sketched by hand. The remaining graphs sketched throughout this
investigation will be through the assistance of the computer package
GRAPHMATICA as this program was provided by the school and recommended by
the teachers to use.

PART A

y=ax2+bx+c
POINTS: A=(1,4)

B=(2,2) A

C = (4,k), where k is an arbitrary constant
lety=4,x=1 lety=2,x=2 lety=k,x=4
4=a+b+c (1) 2=4a+2b+c (2) k=16a+4b+c (3)
3)-2)
k-2=12a+2b (4)
(2)-(1)
-2=3a+b (5
(5)x2
-4=6a+2b (6)
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(6)-(4); solve for a
-4 - (k-2)=6a-12a+2b-2b

k-2=-6a
a=k+2 (7)
6

sub (7) into (4); solve for b
k-2=12(k+2) +2b

6
k-2=2k+4+2b
b=-kt6) (8)
2

sub (8) ancI (7) into (1)
4=k+2-(kt6)+ ¢

6 2
c=24-k-2+3k+18
6
c=20+k
3
y = (k+2)x2 - (k+6)x + (20+k)
6 2 3

Using the given points, (1,4), (2,2), and (4,k), we determine a quadratic function with
coefficients in terms of k providing a "family" of curves, which are described by this
same equation but have some differences and properties (e.g. stationary points,
gradients, and translation/dilation effects, etc.). B

Varying the value for k in the quadratic y = (k+2)x? - (kt6)x + (20+K)

6 2 3
QUADRATIC VALUE FOR QUADRATIC
NUMBER K
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After systematically varying the value of k I uncovered a wide range of quadratics. As
k was present in all terms of the quadratic function this played an important role in all
curve features. I found that as k was varied the curve was translated horizontally and
vertically, and dilated. When k>-2 the curve was upright, whereas when k<-2 the
curve became inverted. When k=-2 the quadratic function became linear. Stationary
points and axis intercepts also changed as k was varied. As k increased in magnitude
the curve became steeper, therefore there was a sharper turning point. In modelling a
cycling track along the Yarra River, this knowledge would be required as if there is a
sharp bend in the river then a high value for k should be used to model a curve
(representing the track) that will be close to the river.

PART B

An equation that describes the general form of a cubic is: y = ax3+bx2+cx+d, where a,
b and ¢ are arbitrary real constants, a cannot equal 0 as then the cubic becomes a
quadratic. This is being used to investigate cubic functions and to find a cubic which
closely matches the quadratic function passing through the same three points.
POINTS: A=(1,4)

B=(22)

C = (4,1.5), as it has been found that k=1.5

lety=4,x=1 lety=2,x=2 lety=0,x=4
4=a+b+c+d (1) 2=8a+4b+2c+d (2) 1.5=64a+16b+4c+d (3)
x2 '

8=2a+2b+2c+2d (4) -

4)-Q2)

6=-6a-2b+d 5

2)x2

4=16a+8b+4c+2d (6)




(3)-(6)
-2.5=48a+8b-d (7)
in (7) solve for a;
48a=d-2.5-8b
a=d-25-8> (8)
48
Sub (8) into (5), solve for b;
6=-6(d-2.5-8b)-2b+d
43
288 =42d +15-48b
b=42d + 273
48
b=14d-91 (9)
16
sub (9) into (7), solve for a;
2.5=48a+8(14d -91)-d
16
2.5=48a+112d-728 -d
16
0=48a+6d - 43
a=43-6d4 (10)
48
sub (10) and (9) into (1), solve for c:
4=43-6d+ 14d-91+c+d

48 16
4=43 - 64+ 42d - 273 + 48¢ + 48d
48
192 = 84d - 230 + 48c
c=211-42d
24

y = (43-6d)x3 - (91-14d)x? + (211-42d)x + d

48 16 24

. This is the general cubic equation that passes through the points (1,4), (2,2) and
(4, 1.5). As an insufficient amount of points were given a "family" of curves can be
obtained when d is in each term and is an arbitrary constant. In order to determine an
equation the same number of points or information are required as unknowns. The
differing values for d will determine the attributes for the corresponding cubic graph.

SSAT T 7T NY




Varying the value for d in the cubic y = (43-6d)x? - (91-14d)x? + (211-42d)x + d

48 16 24
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As the arbitrary constant d approaches 43/6 (from above and below), the cubic
becomes a better approximate for the quadratic (y=[7/12]x?-[15/4]x+43/6). The
coefficient of the highest term determines the cubic shape, (except for when d=43/6),
and will also play an important role in the steepness of the curve. As d decreased the x?
coefficient increased and affected the steepness (i.e. the curve increased in steepness)

of the curve greatly. When d increased in magnitude the curve became more gentle.
When the value of d<43/6 the curve was positive.
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Cubic finctions can be used to model quadratic shaped curves that are symmetrical
about the turning point and can be used to model the 'quadratic’ shaped curves across a
larger domain. The cubic functions that closely matched the quadratic function were
when the x3 coefficient was very small and nearly equal to zero. There is a wide variety
of techniques that can be used to measure closeness. Visual inspection can be used to
determine regions of a domain where one function will obviously model another
function closely. As the value of d was varied, the domain across which the cubic
modelled the quadratic closely also varied, therefore, in order to measure closeness,
domains have to be restricted. I have restricted the curves domain to [-5, 9] in order to
demonstrate my understanding of measuring closeness and chosen to use the vertical
distance method, which is measuring the distance between two curves at selected x
values. When the distance between the curves is equal to zero, the curves lie on top of
each other, however when they're larger values the curves are not a close fit.

The cubic function y= 1/48x3+35/48x2-97/24x+22/3 was the cubic function that
modelled the quadratic the closest, (see appendix 1, for others). -

x Values y Values y values Distance

in quadratic in cubic between
0.0 7.1667 7.3333 -0.1687
0.5 5.4375 5.4922) - -0.0547
1.0 4.0000 4.0000 0.0000
1.5 2.8542 2.8411 0.0130
2.0 2.0000 2.0000 0.0000
2.5 1.4375 1.4609 -0.0234
3.0 : 1.1667 1.2083 -0.0417
35 1.1875 1.2266 -0.0391
4.0 1.5000 1.5000 0.0000
4.5 2.1042 2.0130 0.0911
5.0 3.0000 2.7500 0.2500
AVERAGE DISTANCE= 0.0026

PART C

POINTS GIVEN: A = (1,4), B =(2,2), C = (4,1.5), D = (0,m)
QUADRATIC 1

Quadratic 1 passes through the points A, B, and D and is described by y= ax? + bx +c.
y=axt+bx+c

lety=4,x=1 lety=2,x=2 lety=m,x=0
4=a+b+c (1) 2=4a+2b+c (2) m=c (3)
(Dx2

8=2a+2b+2c (4)

4)-Q2)

6=-2atc (5)

sub (3) into (5)

6=-2a+m

2a=m-6




a=m-6 (6)
2
y=(m=6)x? +bx+m

2
sub (5) and (3) into (1)
4=m-6+b+m

2
8=m-6+2b+2m
14=3m+2b
2b=14-3m
b=14-3m
2

The equation passing through the given points is:
y = (m-6)x? + (14-3m)x + m
2 2

4 4

QUADRATIC2

For Quadratic 2 points B and C can only be used.
y=ax2+bx+c

lety=2,x=2 lety=15,x=4
2=4a+2b+c (1) 1.5=16a+4b+c (2)
(2)x2

3=32a+8b+2c 3

(x4

8=16a+8b+4c (4)
(3)-(4); solve for a
-5=16a-2c
l6a=2c-5
a=2¢c-5 (5)

16
sub (5) into (1); solve for b
2=4(2c-5)+2b+c

16
8=2c-5+8b+4c
13 =6¢ + 8b
8b=13 - 6¢c

b=13 - 6¢

8
The equation passing through the given points is:
y=(2c-5)x2 + (13-6¢)x + ¢

16 8

As the two quadratics must connect smoothly at the point where x=2 the gradient of
the tangent at x=2 must be equal. The gradient of the tangent at any value of x is
determined by differentiating the equation and subbing in the x value.
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QUADRATIC 1:
dy = 2(m-6)x + 14-3m
dx 2 2
= (m-6)x + 14-3m
2

letx=2
dy=2m-12+14-3m
dx 2
=2m-12+7-3m
2
= (3m-10)
2
QUADRATIC 2:
dy =2(2¢-5)x + 13-6¢
dx 16 8
= (2c-5)x + 13-6¢
8 8
letx=2
dy=4c-10+13-6¢c
dx 8
= (3-2¢)
8
let dy of quadratic 1 equal dy of quadratic 2 when x=2
dx dx
3-2¢=m-10
8 2
3-2¢ = 4(m - 10)
3-2¢=4m - 40
-2c=4m-43
c=43-4m
2
In quadratic 2 let ¢ = 43-4m
2
y = [2(43-4m) - 5]x? [13-6(43-4m)]x
2 + 2 + (43-4m)
16 8 2
= (43-4m-5)x? + (13- 129 + 12m)x + (43-4m)
16 8 2
= (38-4m)x? - (116 -12m)x + (43-4m)
16 8 2
The equation describing the curve that passes through the given two points is:
y = (19-2m)x? - (29-3m)x + (43-4m)
8 2 2




Varying values for m in Quadratics 1 and 2

m Value Quadratic Quadratic
1 2
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When the value of m increased (when positive) and decreased (when negative) the
curves became steeper and at the point of contact the gradient increased. However,
there was an exception and this was when the curves met at the stationary point.
Forcing functions to meet at a particular point, with the same gradient at that point,
can be used when modelling a group of functions to follow the curves of the river,
hence, using a series of hybrid functions. It doesn't matter what the value of m is as the
curves will always pass through the point at the given gradient.




PART D

When modelling the bike track along the Yarra river I assumed that the thick black line
was the bank of the river. I chose points along the bank and modelled 9 quadratics to
fit the section of the river.

QUADRATIC 1
POINTS: A= (0, 75), B= (50, 90), C=(100, 120)
In y=ax3+bx2+cx+d
let x=0, y=75 let x=50, y=90 let x=100, y=120
=75 (1) 90=25002+50b+c  (2) 120=10000a+100b+c (3)
(2)x2
180=5000a+100b+2c (4)
#-G)

60=-5000a+75 (5)
sub (5) into (1); solve for a
60=-5000a+75
a=_3 (6)
1000
sub (6) and (1) into (3); solve for b
120=10000(3)+100b+75

1000
15=100b
b=3
20

y=_3 x*+ 3 x+75

1000 20
dy= 6 x+3 let x=100
dx 1000 20 dy=3+3

=3 x+3 dx 5 20

500 20 =3/4

QUADRATIC 2

POINTS: C=(100, 120), D=(250,230)

dy/dx quadratic 1 = dy/dx quadratic 2 at the point (100,120)

3/4=2ax+b

let x=100

3/4=200atb (1)

y=ax?+bx+c

let x=100, y=120 let x=250, y=230
120=10000a+100b+c (2) 230=62500a+250b+c (3)
3)-(2)

110=52500a+150b (4)




sub (1) into (4); solve for a
110=52500a+150(3/4-200a)
110=22500a+450/4

a=_-3

45000
a=-1_ (5)
9000

sub (5) into (1); solve for b
b=3-200(-1)

4 9000
b=3/4+1/45
b=139/180 (6)
sub (5) and (6) into (2)
120=10000(-1)+100(139)+c

9000 180

120=685/9+c

c=395/9
y=(=1)x2+100(139)+395

9000 180 9
The other 7 quadratic functions were found in a similar fashion (see appendix 2), and
with the aid of a sharp D.A.L. calculator to check if calculations were correct.

QUADRATIC | DOMAIN ‘ EQUATION
NUMBER
1 [0,100] |4=73 t Do 15
2 [100,250]. [y=i of + B + 27
:Iwo (=Y
B
4 [330, 358] |y="385= ’i%:éw ot FZIEG - 12204 TS,
s [358, 455] Jy= 452 180 42 163860 o +"‘"‘1§"s°°
§ [455, 550] .3=ﬁ- o~ Wt IO
- <
7 [550, 690] |y= %%‘T*S‘a:’- 49D~ —'%@.&%T%‘SE"R
_-ASESW oy T =22 RICTION
BEES Nk e
] [720, 810] |a=0-coq€s’o’bz'\a3'- 161G SSESx + G2SAITOXG
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The model that I found using quadratics to fit the river:

=52 -
=5
]
z €S
A n
' 3
m N

To measure how close I was to the river to and ensure that the track wasn't in it, I
used the vertical distance, along with subtracting 20 metres form each curve. I found
that in most places the curves were between 6 and 42 metres away from the river with
an overall average of 19.48 metres. However, if this was measured using the
perpendicular line measurement of closeness then in the places that are great distances
away from the river (e.g. 42m) would be approximately 10-20 metres away. Ifit was a
negative value then I was in the river and if it was a positive value that was how far I
was from the river.




x Values y Values y values Distance Quadratic
along river in equation from river Number
0 70 ~ 55.0000 15.0000
20 75 59.2000 15.8000
40 80 65.8000 14.2000 1
60 90 74.8000 15.2000
30 105 86.2000 18.8000
100 120 100.0000 20.0000
100 120 100.0000 20.0000
120 130 114.9556 15.0444
140 150 129.8222 20.1778
160 165 144.6000 20.4000 2
180 180 159.2889 20.7111
200 190 173.8889 16.1111
220 210 188.4000 21.6000
240 220 202.8222 171778
260 235 221.5313 13.4687
280 245 233.4896 11.5104 3
300 255 242.6563 12.3438
320 265 249.0313 15.9687
340 255 235.1760 19.8240 4
360 160 152.6538 7.3462
380 100 87.6097 12.3903
400 60 37.8701 22.1299 5
420 25 3.4350 21.5650
440 5 -15.6956 20.6956
460 5 -19.7230 24,7230
480 10 -13.0748 23.0748
500 30 2.4377 27.5623 6
520 55 26.8144 28.1856
540 90 60.0554 29.9446
560 120 100.8103 19.1897
580 150 139.0389 10.9611
600 180 173.3908 6.6092
620 210 203.8659 6.1341 7
640 240 230.4644 9.5356
660 270 253.1862 16.8138
680 300 272.0312 27.9688
700 310 283.8783 261217 8
720 295 270.0000 25.0000
720 295 269.9998 25.0002
740 280 2455182 344818
760 270 228.6769 41,3231 9
780 255 219.4758 35.5242
800 230 217.9150 12.0850
Average Distance From River= 19.4815

I used fractions throughout part d as much as possible to eliminat
mistakes and to have more accurat

I didn't round the calculator figure off as varying the number by a few decimal places

can vary the curve dramatically.

e any possible

e answers, however when fractions where not used
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PART E

In the extension of this investigation assignment I used a series of hybrid functions as it
is unrealistic to expect one function to model another across an entire domain. These
hybrid functions consisted of cubics, quadratics and straight lines. I found the
equations for the functions as I did in part d, (see appendix 3). As in part d, when
measuring closeness, I moved the model down 10 metres away from the river to
eliminate the possibility of the curve going into the river. The choice of what
constitutes a better model depends upon the physical situation you are modelling and a
better model is one in which closeness improves with the number of functions used to
model the physical situation. The model that I have fitted to the river improved in the
average measurement of closeness, from 19.48 metres away to 11.0495 metres away.

The functions that I used to model the river are:

FUNCTION DOMAIN EQUATION
NUMBER
1 [0, 100] |3=0-Cb34|6065::ol¥- 0- 158 BBY 466 + O
2 [100, 300] |-0-000833332%> +|-CB¥L2Q34x + 215 cO9q$
3 [300, 330] y-00% 8333 Tt +4-003 IS ~ 422-S
=~529,7 & 4268, —T1OAT
4 [330, 350] {4 o 43R ~ 20T
S [350, 380] ig-:o-meseéqeen-teoeuoaa& 296 5P VTG
€ [380, 455] |4=0-020292 E6<* - ¥ 2ITICAR= +AUS - 251681
7 [455, 510] (5=0-00moqs¢xa§—o-mzqzq£— 5. 149 ADGS o+ 1SI0-4608H|
g [510, 680] |y= Z\% 2 - 10O
247 > 2 . 208100
4 [680, 720] [y= Fogee™ - S22 o+ § 10 A08OBER
S0 .
R
10 [720, 810] |y=72 o=+ oo
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x Values y Values y values Distance Equation
along river in equation from river Number
0 70 60.0000 10.0000
20 75 64.5333 10.4667
40 80 71.8000 8.2000 1
60 90 81.8000 8.2000
80 105 94.5333 10.4667
100 120 110.0000 10.0000
100 120 110.0000] . 10.0000
120 130 126.5000 3.5000
140 150 142.3333 7.6667
160 165 157.5000 7.5000
180 180 172.0000 8.0000
200 190 185.8333 4.1667 2
220 210 499.0000 11.0000
240 220 211.5000 8.5000
260 235 223.3333 11.6667
280 245 234.5000 10.5000
300 255 245.0000 10.0000
300 255 245.0000 10.0000 3
320 265 252.8334 12.1666
340 255 2345417 20.4583 4
360 160 117.1230 42.8770 5
380 100 90.0005 9.9995
380 100 89.9999 10.0001
400 60 41.0113 18.9887 6
420 25 8.2568 16.7432
440 5 -8.2635 13.2635
460 5 -8.8390 13.8390
480 10 2.6081 7.3919 7
500 50 24.6907 25.3093
520 50 54.7059 -4.7059
540 90 841176 5.8824
560 120 113.5294 6.4706
580 150 142.9412 7.0588
600 180 172.3529 7.6471 8
620 210 201.7647 8.2353
640 240 231.1765 8.8235
660 270 260.5882 9.4118
680 300 290.0000 10.0000
680 300 2980.0000 10.0000
700 310 298.9154 11.0846 9
720 295 285.0000 10.0000
720 295 285.0000 10.0000
740 280 268.7500 11.2500
760 270 252.5000 17.5000 10
780 255 236.2500 18.7500
800 230 220.0000 10.0000
Average Distance From River= 11.0495




CONCLUSIONS:

When the x3 coefficient in a cubic equation approached close to zero the cubic became
a better approximate for a quadratic function, i.e. the x and y values of both the cubic
and the quadratic functions were similar. In a similar fashion the regions where the x2

coefficient was close to zero the quadratic became a better approximate for a straight
line.

Where the Yarra River "dipped", (had a domain of [358, 5507), Ihad many problems
modelling this section as the curve would continuously fall into the river. To avoid this
situation I lowered the curve (by 20 in part d and 10 in part €) so that the resultant
curve didn't fall into the river.

I originally chose points where concavity changed, (the river changed from upright to
inverted), in the river as this was obvious where the equations would change. I then
added in extra points to make curves fit closer. If the measure of closeness was not
important then less functions would be required to model the given data across a larger
domain. However, as closeness was important I improved in the extension by seven
metres. If T had a longer period of time I could have came up with a very large
number of polynomial functions that fit the river closely.
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APPENDIX ONE
PART B MEASURES OF CLOSENESS

y=7/48x3-7/16x2-41/24x+6

Cubic 1 compared to Quadratic
x Values y Values y values Distance
in quadratic in cubic between
0.0 7.1667 6.0000 1.1667
0.5 5.4375 5.0547 0.3828
1.0 4.0000 4.0000 0.0000
1.5 2.8542 2.9453 -0.0911
2.0 2.0000 2.0000 0.0000
25 1.4375 1.2734 0.1641
3.0 1.1667 0.8750 0.2917
35 1.1875 0.9141 0.2734
40 1.5000 1.5000 0.0000
4.5 2.1042 2.7422 -0.6380
5.0 3.0000 4.7500 -1.7500
AVERAGE DISTANCE= -0.0182
y=-5/48x3+21/16x2-125/4x+8
Cubic 2 compared to Quadratic
x Values y Values y values Distance
in quadratic in cubic between
0.0 7.1667 ) 8.0000 -0.8333
0.5 5.4375 5.7109 -0.2734
1.0 4.0000 4.0000 0.0000
1.5 2.8542 2.7891 0.08651
2.0 2.0000 2.0000 0.0000
2.5 1.4375 1.5547 -0.1172
3.0 1.1667 1.3750 -0.2083
35 1.1875 1.3828 -0.1953
4.0 1.5000 1.5000 0.0000
45 2.1042 1.6484 0.4557
5.0 3.0000 1.7500 1.2500
AVERAGE DISTANCE= | . 0.0130
y=-1/48x3+7/16x2-83/24x+7 '
Cubic 3 compared to Quadratic
x Values y Values y values Distance
in quadratic in cubic between
0.0 7.1667 7.0000 0.1667
0.5 5.4375 5.3776 0.0599
1.0 4.0000 3.9583 0.0417
1.5 2.8542 2.7266 0.1276
2.0 2.0000 1.6667 0.3333
2.5 1.4375 0.7630 0.6745
3.0 1.1667 0.0000 1.1667
3.5 1.1875 -0.6380 1.8255
4.0 1.5000 -1.1667 2.6667
4.5 2.1042 -1.6016 3.7057
5.0 3.0000 -1.9583 4.9583
AVERAGE DISTANCE= 1.4297

tsh




y=-1/24x3+7/8x2-13/3x+43/6

| Cubic 4 compared to Quadratic]

x Values y Values y values Distance

in quadratic in cubic between
0.0 7.1667 7.5000 -0.3333
0.5 5.4375 5.5469 -0.1094
1.0 4.0000 4.0000 0.0000
1.5 2.8542 2.8281 0.0260
2.0 2.0000 2.0000 0.0000
2.5 1.4375 1.4844 -0.0469
3.0 1.1667 1.2500 -0.0833
35 1.1875 1.2656 -0.0781
4.0 1.5000 1.5000 0.0000
45 2.1042 1.9219 0.1823
5 3.0000 2.5000 0.5000
AVERAGE DISTANCE= 0.0052

y=-1/24x3+7/8x2-13/3x+45/6

(found in main text)




APPENDIX TWO

PART D CALCULATIONS
(Quadratic 2)
dy=(=1)x+139
dx 4500 180
let x=250
dy=-250+139
dx 4500 180
=43
60
QUADRATIC THREE
POINTS: D=(250, 230), E=(330, 265)
dy/dx of quadratic 2 = dy/dx of quadratic 3 at (250, 230)
43/60=500a+b
b=43/60-500a (1)

y=ax*t+bx+c

let x=250, y=230 letx=330, y=265
230=62500a+250b+c (2) 265=108900a+330b+c (3)
(3)-(2)

35=46400a+80b (4)
Sub (1) into (4); solve for a
35=46400a+80(43/60-500a)
35=6400a+344/6
6400a=-67/3

=-67 (5)

19200

Sub (5) into (1); solve for b
b=43-500(-67)

60 19200
b=2363 (6)
960

Sub (5) and (6) into (2); solve for ¢
230=62500( =67 )+250(2363)+c
19200 960

c=230+41875-59075

192 96
c=-10705

64
y=(-67 )x2+2363x-10705
19200 960 64

dy=(-134)x+2363
dx 19200 960
let x=330
dy=330(_-134)+2363
dx 19200 960
dy=-4422+4726
dx 1920
dy/dx=19/120




QUADRATIC 4
POINTS: E=(330, 265), F=(358, 180)
dy/dx of equation 3 = dy/dx of equation 4 at (330, 265)
19/120=660a+b
=19/120-660a (1)

y=axztbx+c

letx=330, y=265 let x=358, y=180
265=108900a+330b+c (2) 180=128164a+358b+c (3)
(3)-(2)

-85=19264a+28b (4)
Sub (1) into (4); solve for a
-85=19264a+28(19/120-660a)
-85=19264a+133/30-18480a
=-2683 (5)
23520

Sub (5) into (1); solve for b
b=19/120+660(-2683)

23520

b=221813 (6)
2940
Sub (5) and (6) into (2); solve forc
265=108900(-2683)+330(221813)+¢
23520 2940
265=12422.56378+24897.37755+¢
¢=12209.81378
Yz(i@i)x%(zﬂ813)x-12209.81378
23520 2940
dy=(-5366)x+221813
dx 23520 2940
—(-2683)x+221813
11760 2940
letx=358
dy_’—‘--960514+221813
dx 11760 2940
=-36631
5880

QUADRATIC S

POINTS: F=(358, 180), G=(455,0)
y=ax?+bx+c
dy/dx=2ax+b
let x=455
dy/dx=910a+b=0

b=-910a (1)
y=ax2-+bx+c
let x=358, y=130 letx=455, y=0
180=218164a+358b+c (2) 0=207025a+455b+c (3)
3)-2)
-180=78861a+97b (4)

tsh




Sub (1) into (4); solve for a
-180=78861a+97(-9102)
-180=-9409a
a=180 (5)
9409
Sub (5) into (1); solve for b
b=-910(180/9409)
b=-163800 (6)
9409
Sub (6) and (5) into (3); solve for ¢
c=-455(-163800)-207025(180)
9409 9409
=37264500
9409
y=(180)x2-163800+37264500
9409 9409 9409

QUADRATIC €
POINTS: G=(455,0), H=(550, 100)
dy/dx of quadratic 5 = dy/dx of quadratic 6 at (455,0)
0=910a+b
b=-910a (1)
y=ax2+bx+c :
let x=455, y=0 let x=550, y=100
0=207025a+455b+c (2) 100=302500a+550b+c (3)
(3)-(2) ‘
100=95475a+95b (4)
Sub (1) into (4); solve for a
100=95475a+95(-910a)
a=4/361 (5)
Sub b (5) into (1); solve for b
b=-910(4/361)
b=-3640 (6)
361
Sub b (5) and (6) into (2); solve for ¢
c=-207025% 4 + 455(3640)
361 361

¢=828100

y=4 x2-3640x+828100
361 361 361

dy=8x-3640

dx 361 361

let x=550

dy=4400-3640

dx 361 361

dy/dx=760/361




QUADRATICY
POINTS: H=(550, 100), I=(690,300)
dy/dx of quadratic 6 = dy/dx of quadratic 7 at (550, 100)
760/361=1100a+b
b=760/361-1100a (1)

y=ax3+bx+tc

let x=550, y=100 let x=690, y=300
100=302550a+550b+c (2) 300=476100a+690b+c (3)
(3-(2)

200=173550a+140b (4)
Sub (1) into (4); solve for a
200=173550a+140(760/361-1100a)
19550a=-34200/361

a=-684 (5)

141151

Sub (5) into (1); solve for b
b=760-1100(=684)

361 141151
b=1049560 (6)
141151

Sub (5) and (6) into (2); solve for ¢
100=302550(=684)+550(1049560)+c
141151 141151

100=784202200+¢

141151
¢=-356198700

141151
y=-684x2+1049560x%-3 56198700
141151 141151 141151

dy=1368x+1049560
dx 141151 141151
let x=690
dy=105640
dx 141151

QUADRATIC 3
POINTS: I=(690, 300), J=(720, 290)
dy/dx of quadratic 7 = dy/dx of quadratic 8 at (690, 300)
105640=1380a+b (1)

141151

y=ax?+bx+c

let x=690, y=300 let x=720, y=290
300=476100a+690b+c (2) 290=518400a+720b+c (3)
(3)-(2)

~10=42300a+30b (4)




Sub (1) into (4); solve for a
-10=42300a+30(105640-1380)
141151
900a=-4580710
141151
a=-458071 (5)
12703590
Sub (5) into (1); solve for b
b=105640-1380(458071)
141151 12703590
b=64164558 (6)
1270359
Sub (6) and (5) into (2); solve for ¢
c=300+476100(458071)—690(64164558)
12703590 12703590
c=-22083677010
1270359
y=u458071x?+64164558X&22083677010
12703590 1270359 1270359
dy=-916142x+64164558
dx 12703590 1270359
let x=720
dy=-130126782
dx 12703590

QUADRATIC 4
POINTS: J=(720, 290), K=(800, 240)
dy/dx of quadratic 8 = dy/dx of quadratic 9 at (720, 290)
-130126782=1440a+b

12703590
b=-1440a-130126782 (1)
12703590
y=axztbxtc
let x=720, y=290 let x=810, y=240
290=518400a+720b+c (2) 240=656100a+810b+c (3)

using the sharp D.A.L. calculator:
y=0.009550327x2-15.16755657x+6259.750976




APPENDIX THREE
PART E CALCULATIONS

_ FUNCTION 1
POINTS: (510, 50), (680, 300)
m=Ys-y; m=300-50
X5-X, 680-510

=25/17
y=25/1Tx+c
let x=510, y=50
50=12750/15+c y=25/17x-700
c=-700

FUNCTION 2

POINTS: (455, 0), (510,50)
dy/dx at (455, 0)=0
dy/dx=3ax?+2bx+c
0=62107521t910b+c (1)
dy/dx at (510, 50)=25/17
dy/dx=3ax?+2bx+c
25/17=78300a+1020b+c (2)

y=3ax3+2bx*+cx+d
let x=455, y=0 : let x=510, y=50

0=94196375a+207025b+455¢c+d (3) 50=132651000a+260100b+510c+d (4)

(2)-(1); and solve for b
25/17=159225a+110b
b=_5-31845a (5)

374 22
4)-3)
50=38454625a+53075b+55¢ (6)
(2)x55
1375/17=4306500a+56100b+55¢ (7)
(7)-(6)
525/17=-34148125a+3025b - (8)
Sub (5) into (8); solve for a
525=-34148125a+3025( 5 -31845a)

17 374 22
525=-847589875a+15125
17 22 37

-8313.831479=-847589875a
=0.000009808 (9)
Sub (9) into (5); solve for b
b=_5 -31845(0.000009808)
374 22
b=-0.00082924 (10)

tsh
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Sub (9) and (10) into (6); solve for ¢
SO=38454625(0.000009808)+5307(0.00082924)+550
55¢=-283.1895036

c=-5.148900065 (11)
Sub (9), (10) and (11) into (3); solve for d
0=941963 75(0.000009808)+207025(-0.00082924)+455(-5. 148900065)+d
d=1590.450699
y=0.000009808x3-0.00082924x2-5.148900065x+1590.4450699

FUNCTION 3
POINTS: (800, 230) and (720, 295)
m=y,-y; m=295-230
Xy-X) 720-800

=-13/16
y=-13/16x+c
let x=800, y=230
230=-650+c
c=880
y=-13/16x+880

FUNCTION &

POINTS: (720, 295), (680, 300)
dy/dx at (720, 295)=-13/16
dy/dx=3ax2+2bx+c
-13/16=1555200a+1440b+c (1)
dy/dx at (680, 300)=25/17
dy/ds=3ax?+2bxtc
25/17=1387200a+1360b+c (2)
y=3ax3+2bx?+cx+d
let x=720, y=295 et x=680, y=300

295=373248000a+518400b+720c+d (3) 300=314432000a+462400b+680c+d (4)

(1)-(2); and solve for b
-621/272=168000a+80b

b=-2100a-621/21760 (S)

(3)-(4)

-5=58816000a+56000b+40c (6)
(1)x40
-65/2=62208000a+57600b+40c (7)
(7)-(6)

-55/2=3392000a+1600b (8)

Sub (5) into (8); solve for a
-55=3392000a+1600(-2100a-621)
2 21760
32000a=1235/68

a=247/435200 (9)




Sub (9) into (5); solve for b
b=-2100(247)-621
435200 21760
b=-53112 (10)
43520
Sub (9) and (19) into (1); solve for ¢
-13=1555200(247)+1440(-6639)+c
16 435200 5440
c=-60021/68+119502/68-13/16
c=873.9080882 (11)
Sub (9), (10) and (11) into (4); solve for d
300=314432000(247)+462400(=6639)+680(873.9080882)+d

435200 5440
d=300-776647040+306987360-594257.5
4352 544

d=-208100
y=247/435200x3-6639/5440x2+873.90882x-208100

FUNCTION S
POINTS: (455, 0), (380, 100)
dy/dx=0.18861621, (at (455, 0) from function 2)

dy/dx=3ax2+2bx+c

let x=455

dy/dx=910a+b b=0.18861621-910a (1)
y=ax?+bx+c

let x=455, y=0 let x=380, y=100
0=2070252+455b+c  (2) 100=1444002+380b+c (3)

solved using D.A L. calculator
y=0.02029266x*+-18.2777092x+41 15.267681

FUNCTION €
POINTS: (330, 265), (350, 180)
(from part d)
dy/dx=19/120 at (330, 265)
dy/dx=2ax+b
let x=330
dy/dx=660a+b 19/120=660a+b (1)
y=ax2+bx+c
let x=330 y=265 let x<=350 y=180
265=108900a+330b+c (2) 180=122500a+350b+c (3)
Used sharp D.A.L. calculator:
y=-529/2400x2+4369/30-570975/24




FUNCTION 7
POINTS: (350, 180), (380, 100)
dy/dx at (350, 180)=-1039/120 (from function 6)
dy/dx=3ax+2bxtc
-1039/120=367500a+700b+c (1)
dy/dx at (380, 100)=-2.85528332
dy/dx=3ax?+2bx+c
-2.85528332=367500a+700b+c (2)

y=3ax3+2bx*+cx+d
let x=350, y=180 let x=380, y=100
180=433200a+700b+350¢c (3) 100=54872000a+144400b+380c+d (4)

(2)-(1); and solve for b

5.803050013=65700a+60b (4)

3)-@

-80=11997000a+21900b+30c (5)

(1)x30

-1039/4=11025000a+21000b+30c (6)

(6)-(7); solve for b

719/4=9720002a+900b

Sub (5) into (8); solve for a

719/4=9720002+900b

b=719/3600-1080a (8)

Sub (8) into (6); solve for a

a=-0.006866981 (9)

Sub (9) into (8); solve for b

b=7.616062206 (10)

Sub (9) and (10) into (1); solve for ¢

c=-2816.28636 (11)

Sub (9), (10) and (11) into (4); solve for d
=347334.4162

y=-0.006866981x3+7.616062206x2—2816.28636+347334.4162

FUNCIION 8
POINTS: (330, 265), (300, 255)
dy/dx=19/120 (at (330, 265), from function 6)

dy/dx=2ax+b

let x=330

dy/dx=660a+b 19/120=660a+b
y=ax3+bx+c

let x=330, y= 265 let x=300, y=255
265=108900a+330b+c (2) 255=90000a+300b+c (3)

solved using a sharp D.A L. calculator
y=-0.005833333x2+4.008333333x-422.5
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FUNCTION 4
POINTS: (300, 255), (100, 120)
dy/dx=0.508333533 (at (300, 265), from function 8)

dy/dx=2ax+b

let x=300

dy/dx=600a+b 0.508333533=600a+b (1)
y=axZtbx+c

let x=300, y= 255 let x=100, y=120
265=90000a+300b+c (2) 120=10000a+100b+c (3)

solved using a sharp D.A.L. calculator
y=-0.000833332x2+1.008332934x+27.50002995

FUNCTION 10
POINTS: (100, 120) (0, 70) dy/dx=0.508333533 (at (300, 255), from function 9)
dy/dx=2ax+b
let x=300
dy/dx=600a+b 0.508333533=600a+b (1)
y=ax2+bx+c
let x=300, y= 265 let x=100, y=120
265=90000a+300b+c (2) 120=10000a+100b+c (3)

solved using a sharp D.A.L. calculator
y=-0.000833332x2+1.008332934x+27.50002995
dy/dx=0.841666534 (at (100, 120), from function 9)

dy/dx=2ax+b

let x=100

dy/dx=200a+b 0.841666534=200a+b (1)
y=ax2+bxtc

let x=100, y= 120 let x=0, y=75
120=10000a+100b+c (2) =70 (3)

solved using a sharp D.A.L. calculator
y=0.003416665x2+0.158333466x+70




