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Answer all questions in the spaces provided.  
 

In questions where a numerical answer is required, and exact value must be given unless 
otherwise specified.  
 

In questions where more than 1 mark is available, appropriate working must be shown.  
 

Unless otherwise indicated, the diagrams in this book are not drawn to scale. 
 
 
 

QUESTION 1 (20 Marks, 30 minutes) 
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a.   The equation of the above graph is 
4 3 21

( ) ( 2 11 36)f x x x x rx
s

= + − − + . 

 

        (i)   Show that 9s = . 

 

 

 

 

1 mark 
 

 (ii)  If 12r =  write ( )f x  in the form 
1

( ) ( ) ( ) ....( )
9

c d nf x x a x b x N= + + +  where ,a b R  

    and , ,c d n Z . 
 

 

 

 

 

 

1 mark 
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b.  The area between ( )f x , the x-axis, and the lines 0x =  and x p=  where 0p    

  is 
3( 6 36)

9

p
p p− −  square units.  

 
        (i)  Write an integral equation that could be used to solve for the value of p . 

 

 

 

 

1 mark 

  (ii)   Hence find the value of p . State your answer in the form  
a b

c

+
  where  

    , , 0a b c  . 
 

 
 

 
 

 
 

 

 

 

 

2 marks  
 

c.  The graph of 
2 21

: , ( ) ( 2) ( 3)
9

g R R g x x x d→ = − + +  where d  is a real negative 

 number constant, undergoes the following transformations in the given order: 
 

 The graph is reflected in the y-axis and then translated upwards by d  units. It is then 

dilated by a factor of m  units from the y-axis followed by a dilation of n  units from the 

x-axis where , 0m n  . 

 
 (i)  Write a matrix equation that could be used to find the image of curve that  
    undergoes the given transformations. 

 

 

 

 

 

 

2 marks  
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(ii)   Hence show that the equation of the curve that would be produced as the result of  

   these transformations is 

2 2

( ) 2 3
9

n x x
h x

m m

   
= + −   

   
. 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

3 marks  
 

d.      (i)    Consider the area between ( )h x  and the x-axis. State the mathematical relationship  

    between this area, and the area of the region enclosed by ( )f x  and the x-axis. 

 

 

 

 

1 mark 
 

  (ii)  The coordinates of the stationary points on the graph of 

2 2

( ) 2 3
9

n x x
h x

m m

   
= + −   

   
  

   occur at ( 2 , 0)m− , (3 , 0)m  and ( , )a b . State the value(s) of a  and b . 

 
 

 
 

 

 

 

 

2 marks  
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e.  Consider the function ( ) )( ) : 2 3 2, ,s t x R +  →
 ( ) 2 21

( ) ( 2) ( 3)
9

s t x x x= − +  

  where ,a b R . 
 

 (i)  If 
21

( ) ( 2) , 2 3 2
9

t x x x= −  + , find the rule describing 
1( )t x−

, stating its  

    domain and range. 
 
 

 

 

 
 

 
 

 

 

 

 

 

 

 

 

3 marks  
 

 (ii)  Given that ( )( )1( ) ( )s t t x s x− =  find the rule describing ( )s x , stating its domain  

    and range. 
 

 
 

 

 

 
 

 
 

 

 

 

 

 

 

 

 

4 marks  
 

Total = 20 marks 
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QUESTION 2 (18 Marks) 

The temperature, T , degrees Celsius, of an indoor swimming pool in a gymnasium is 

modelled by the formula 






 −
−=

12

)1(
cos4201

t
T


, where t  is the number of hours after 

midnight on 31 December 2020. 
 
a.  State the maximum and minimum temperatures of the swimming pool. 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 

1 mark 
 

b.  (i)  Without directly substituting values into 1T   show that the first time the temperature  

    reaches its maximum value is at 1pm. 
 

 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 

 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 

3 marks 
 
  (ii)  Hence state a generalised equation to describe the times at which the temperature  

    is at its maximum over ),0[  . 
 

 _____________________________________________________________________ 
 
 

 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 

1 mark 
 
 



 
©  The School For Excellence 2019           Unit 3 & 4 Mathematical Methods – Exam 2 Analysis           Page 6 

The temperature, T  degrees Celsius, of an indoor swimming pool is modelled by the 

formula ( )DCtBAT ++= sin2 . Given that 012 =−TT : 

 

c.  (i)  Determine the values of A, B  and C . 
 

 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 

 

4 marks 
 

 (ii)  State the smallest positive value of D . 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 

2 marks 
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The equation 20
12

)1(
sin

12

)1(
cos

3

8
3 +







 −







 −
=

tt
T


 models the temperature of a second 

pool in the same gymnasium. 
 
d.  Find the first two times that the temperatures of the two swimming pools are the same.  
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 

3 marks 
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e.   (i)  Given  Rf →]1,0(:  where ttf elog)( =    
 

    RSg →:  where =)(tg 






 −

12

)1(
cos

t
 

 

    find the largest possible subset S  of R  such that ( )( )f g t  is defined. 

 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 

3 marks 
 

  (ii)  Hence state the equation for ( )( )f g t  stating the corresponding domain. 

 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 
 _____________________________________________________________________ 
 

2 marks 
 

Total = 18 Marks 
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QUESTION 1 
 

a.     
4 3 21

( ) ( 2 11 36)f x x x x rx
s

= + − − +  

 

 (i)  As (0) 4f = : 
1

4 (36)
s

=   

 

       9s =           M1 
 

 (ii)  From the given graph: 
2 21

( ) ( 3) ( 2)
9

f x x x= + −        A1 

 

b.   (i)  ( )4 3 2 3

0

1
2 11 12 36 ( 6 36)

9 9

p p
x x x x dx p p+ − − + = − −                                          A1 

 
 

  (ii)   

5 4 3
2 311

6 36 ( 6 36)
5 2 3

p p p
p p p p p

 
+ − − + = − − 

 
                               M1 

     

 

    
15 2865

12
p


=   and  0p =   

 

     As 0p    then 
15 2865

12
p

+
=                                                                             A1  

                     
 

c. (i)    
0' 0 1 0

' 0 0 1

x m x

dy n y

 −         
= +          

          
                                                      A 

1
4

2

 
  

 
 

 

  (ii)  
' 0 1 0 0

' 0 0 1

x m x

y n y d

 −          
= +          

          
 

 

        
0 0

0

m x

n y d

 −      
= +      
      

 

 

                       
0

0

m x

n y d

 −    
=     

+    
 

 

               
( )

'

'

mxx

n y dy

−  
=    +   

  M1 

 

   'x mx= −                                ( )'y n y d= +                                        

   
'x

x
m

−
 =                                          

'y
y d

n
 = +                                                                 
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    Substitute x   and y  into 
2 21

( 2) ( 3)
9

y x x d= − + +   

 

   

2 2
' 1 ' '

2 3
9

y x x
d d

n m m

− −   
+ = − + +   

   
                          M1 

 

   

2 2

' 1 ' '
2 3

9

y x x
d d

n m m

      
= − + − − + −      

      
 

 

   

2 2
' '

' 2 3
9

n x x
y

m m

   
= + −   

   
 

 

     

2 2

2 3
9

n x x
y

m m

   
= + −   

   
                           M1 

 
 

d.     (i)   Scale factor is mn .                                A1 

 
 (ii)  Stationary points occur where the derivative is zero. 
 

   
4

2 ( 3 )( 2 )(2 )
'( ) 0

9

n x m x m x m
h x

m

− + −
= =         M1 

 

    2 0, 3 0, 2 0x m x m x m+ = − = − =   
 

   
2 , 3 ,

2

m
x m m = −   

 

    ( , )a b
625

,
2 144

m n 
=  
 

.  

 

  Therefore: 
2

m
a =  and 

625

144

n
b = .         A1 

 

e.     (i)
  

21
( ) ( 2) , 2 3 2

9
t x x x= −  +  

 

   Let ( )t x y=   i.e. 
21

( 2)
9

y x= −  

    Rule for inverse (swap x  and y ) :  
21

( 2)
9

x y= −        M1 

 

    3 2y x = + +    ( 3 2y x= − +  discarded)             

       

    As 2 3 2x  +  then 
1( )t x− 3 2x= +             A1 

 

     
1( ) ( )Domain t x Range t x−= = [2 3 2, )+     

 

     
1( ) ( )Range t x Domain t x−= = [2, )                A 

1
2

2

 
  

 
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 (ii)  Given that ( ) 2 21
( ) ( 2) ( 3)

9
s t x x x= − +  

 

   If we replace x  in ( )t x  with 
1( )t x−

, we obtain ( )( )1( )s t t x−
. 

 

    Therefore, ( )( ) ( ) ( )
2 2

1 1
( ) 3 2 2 3 2 3

9
s t t x x x− = + − + +  

 

        ( )( ) ( ) ( ) ( )
2 2 2

1 1
( ) 3 3 5 3 5

9
s t t x x x x x− = + = +           M1 

 

        As ( )( )1( ) ( )s t t x s x− =  then  ( )
2

( ) 3 5s x x x= +    A1 

            

   ( )1 1 1( ( )) ( ( )) ( ) [2, )Domain s t t x Domain t t x Domain t x− − −= = =     A1 

 

     Range:  
 

    Read the lowest and highest values of " "y off the graph of   

   ( )( )1( )s t t x−
 where [2, )x  . 

 

   :[60 2 86, )Range +            A1 
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QUESTION 2 
 

a. ( ) 0min 20 4 1 16 C= −  =              Minimum = 16oC   

 ( ) 0max 20 4 1 24 C= +  =     Maximum = 24oC              A 
1

2
2

 
  

 
  

 

b.  (i)  Let 
0

1 24T C=  

   
( )1

20 4cos 24
12

t − 
− = 

 
         M1 

   
( )1

4cos 4
12

t − 
− = 

 
 

   
( )1

cos 1
12

t − 
= − 

 
 

 

   cos 1 = −   when  =   
 

   
( )1

12

t


− 
 = 
 

          M1 

 

   1 12t − =  
 

   13t =   

   At 1pm           M1 
 

 (ii) 
0

1 24T C=    at 13t Period=   
 

      
2

13

12

t



=   

 

      ( )13 24 .t hrs no cycles=    
 

   
0

1 24T C =   when:   

 

   13 24t n= + , where n  represents the number of cycles and  0n Z U+    A1 
 

   i.e. At 1pm every day. (Do not include this line in your answer as the question  
    is asking for an equation). 
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c. (i)  ( )2T A Bsin Ct D= + +  
 

    If  
2 1 0T T− =    then             

2 1T T=  
 

  
( )

( )
1

20 4cos sin
12

t
A B Ct D

− 
− = + + 

 


       M1 

   
  For curves to be equal, the amplitude, period and vertical translations must be the  
   same.           M1 
 

   20 4cos ( 1)
12

t
 

− − 
 

 ( )sinA B Ct D= + +              

 

  Equating gives: 
 

  20A =             

        4B = −            

        
12

C


=            

         A2 (All 3 correct)  A1 (2 correct) 
 

  Note:  We cannot find the value of D by equating the above equation as the  
   function on the left (cosine) is not the same as the function on the right (sine). 
 
  Alternatively: 
 

  
( )

( )
1

20 4cos sin
12

t
A B Ct D

− 
− = + + 

 


       M1 

 

   Need to identify what transformations would be required to convert the cosine  
   curve to a sine curve. 
 
   For curves to be equal, the amplitude, period and vertical translations must be the  
   same. 
 

    Sine curve must have:  4Amp =  

      20Vert Trans =  

      Reflection in x  axis 
 

    Equation becomes ( )20 4sin
12

t c
 

− + 
 

( )sinA B Ct D= + +     M1 

   Equating gives: 
 

  20A =             

        4B = −            

        
12

C


=            

 
         A2 (All 3 correct)  A1 (2 correct) 
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(ii) Substitute the values of , ,A B C  into 20 4cos ( 1)
12

t
 

− − 
 

 ( )sinA B Ct D= + +              

 

   20 4cos ( 1) 20 4sin ( )
12 12

t t c
    

− − = − +   
   

 

 
Identify the horizontal translation needed to move the first maximum on the sine 
graph to the first maximum on the cosine graph. 
 
First maximum on the cosine graph = 13 hours 

 

If 0c =  then 20 4sin
12

y t
 

= −  
 

. The first maximum on this graph = 18 hours 

 
  i.e. Need to move sine curve 5 units to the left.            M1 

 

Therefore, 5c = . 

 

   
 
 

   Sine curve equation is: ( )20 4sin 5
12

t
 

− + 
 

 

 

   Expand: 
5

20 4sin
12 12

t
  

− + 
 

 

  

   Equate: 
5

12
D


=    (or 

12


− )       A1 
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d. Let 
3 2T T=    or    

3 1T T=  

            

    Safer as both equations have  
    been given and are error free. 
 

  
( ) ( ) ( )1 1 18

cos sin 20 20 4cos
12 12 123

t t t  − − −     
+ = −     

     
     M1 

 

 







−−=








−








− )1(

12
cos4)1(

12
sin)1(

12
cos

3

8
ttt


 

 

  
8

cos ( 1) sin ( 1) 4cos ( 1) 0
12 12 123

t t t
       

− − + − =     
     

 

 

  
8

cos ( 1) sin ( 1) 4 0
12 123

t t
     

− − + =    
    

 

 

 0)1(
12

cos =







−t


  or  04)1(

12
sin

3

8
=+








−t


 

 

  Case 1: 0)1(
12

cos =







−t


 

 

    
2

3
,

2
)1(

12


 =− t  

 

19,718,61   ==− tt  

 

  Case 2: 04)1(
12

sin
3

8
=+








−t


 

 

    
2

3
)1(

12
sin −=








−t


 

 

    
3

5
,

3

4
)1(

12


 =− t  

 

21,1720,161   ==− tt  

 

  Therefore, the first two times are 17,7  =t .        A2 
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x

y

-0.5 0 0.5 1 1.5

-4

-2

0

x

y

0 1 2 3 4 5 6 7 8 9

-0.5

0

0.5

1

1.5

e.  (i)  ( )( )f g x  is defined if 
g fr d  

    

   gd S=     (0,1]fd =  
 

   max  1,1gr = −    ( , 0]fr = −  

 

   
g fr d  

 

   (0,1] (0,1]=     Defined           M1 
     

      
    

   This is the max possible range of g . 

   Find the corresponding domain, which is S . 
 

   Let 
( )1

cos 0
12

t − 
= 

 
 

 

                  
( )1

12 2

t −
 =  

 

   
12

1
2

t



− =  

 

   1 6t − =  
 

   7t =  
 

    : 0 7S x t =             A1 
 

 (ii) ( )
( )1

log cos
12

e

t
f g t

 − 
=     

   
        A1 

   ( ) ( )( )
[0, 7)g xf g x

d d= =          A1 

 
 
  
 


